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PREFACE 


This book has been written in accordance with the syllabus 
prescribed for the first year of the Three-Year Degree Course of 
the Jammu and Kashmir University. It can also be studied by 
the Pre-Engineering students with advantage. The subject 
matter of the book has been written in a simple and lucid style, 
so that it may be understood by the student belonging to any 
category. The different chapters of the book have been written 
in order. ‘Symmetric Functions’ occurs as a separate chapter 
because of its importance. By this the student will pay more 
attention than he would do otherwise. The articles of the book 
have been illustrated by many solved examples which should be 
studied carefully. After finishing the book the student can 
attempt questions from revision sets and University Papers. By 
this his practice will get enhanced and he will be in the know of 
the style of the questions set in examinations. The questions 
marked "E” should be attempted by brilliant students only. 

Our acknowledgement is due to all different and standard 
sources which helped us to prepare the book of this kind. Some 
questions have been derived from such sources and the others 
have been prepared by us We are thankful to Prof.’s Khazir 
Mohd. and M. S. Ashai and others who made some valuable 
suggestions which we have incorporated in this book. 

We also thank the publishers and the printers without 
whose co-operation the book might not have been written 
-at all. 

Suggestions for improvement, from the students and tea¬ 
chers, will be gratefully received and acknowledged. 


■Srinagar. 
.March, 1966 
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CHAPTER I 

SUMMATION OF SERIES 


1. The student has already learnt a lot about the senes 
known as A.P., G.P., and H.P. In the present chapter, wc 
propose to introduce to him some more series of miscellaneous 
« pes. These pertain to the summation ol (i) hist » natural 

numbers, (ti) squares of the first n natural numbers and »t) 
cubes of the first » natural numbers. Besides some quest ons 
which can easily be solved with the help of (»). <u), and (m) 
have also been discussed to make the subject interesting. 

I t Te find the sum of the first u natural numbers : 

Here we have to find the sum of 

14-2 + 3 + 4 +. + n 

Obviously, this series is an A.P., whose first term is 1 and 
common difference 1 

the sum —- 7 ^ 2 . 1 + »—1 l 2 ( W ! 1 ) 

1*2 Sigma Notation : 

The sum of the first n natural numbers can also be denoted 
by Xn (read as “sigma n”) Thus : — 

2n= , where n on the leftside is the Mh term 


of the given A.P. 


n = n 


Sometimes, S-i is also written a which means that n takes 

71 = 1 

all values from 1 to n. 

Similarly. 2 n*= l 2 +2 2 + 3*+.+ “* 

2 n* = l 3 +2 3 + 3 3 +.+n 3 , and so on. 
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13 . To find the sum of the squares of the 
natural numbers : 

Wc have to find the sum of 
12 4_2-: + 3 2 -f 4 2 +. +n 2 

' Lct'S=T 2 + 2 *'h3* + 4 s +.•+»* 

We know the identity that :— 

*3_ (a ._i)3==3.r 2 -3a:+l. 

Putting x=\, 2, 3, 4,.. (n—1), n in this, we have 

13_()3=3.1 2 —3.1 + 1 

2 3 _ 1 3 = 3.2 2 —3.2+1 
3 3 _2 3 =3.3 2 -3.3 + 1 
43—33 — i.4 2 —3.4+ 1 


(« — l) 3 — (/i —2) 3 =3(/i — 1 ) 2 — 3(n — 1) + I 
( n ) 3 —(n — l) 3 =3.n 2 — 3n+ l. 

Adding vertically we have 

n-* = 3 (l a +2 2 + 3 2 + ...+n 2 )—3 (1 +2 + 3 +.+n> 


Let S = 1 2 + 2 2 -L- 3 2 +.... 

3» (n + 1) 
2 


«»-3S - 


+ n 2 , then 
- n 



6S=2n (n 2 —l)+3n(n+l) 
or 6 S=n(» + l) [2(/i — 1 ) + 3] = n (n+1) (2« + l) 

c n (2u +1) 

01 S=-g-- 

. . n (»+l) (2/i+D 


Note. v n 2 =l 2 + 2 2 + 3 2 +.+ w s. 

14. To find the sum of the cubes of the first n 
natural numbers. 
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We have to find the sum of 

l 3 +2 3 +3 3 +.+ » 3 - 

We know the identity that : — 

x* — (x— 1)‘=4* 3 — 6x 2 + 4x — 1. 

Putting *=1,2,3,., n, we have 

1 4 _0 4 = 4.1 3 -6.1 2 + 4.1~ 1 
2 4 — 1 4 = 4.2 3 —6.2 2 + 4.2 — l 
3'— 2 4 = 4.3 3 —6 3 2 + 4.3 — 1 


n* — (n — l) 4 = 4.?i 3 —6.n 2 + 4.?i — l 

Adding all these terms vertically, we have 

n l = 4(l 3 + 2 3 + 3 3 +.+ n 3 )-6(l 2 + 2 2 + 3 2 + ......n 2 ) 

+ 4(1+2 4-3 +.+ ») — (1 + 1 + 1 +•■ 

Let S=l 3 +2 3 + 3 3 +.+n 3 , then 


+ 1» 


n 4 = 4S- 


6.»(n + 1) (2n + l) , 4/i(n +1) 


+ —2^“-“ 


or 4S = »(n’* + l) + n(/i + 1) (2/i+l)—2 n (n + 1) 
= n(n+l) [a 2 — «• +1 + 2n + l—2 
= /i(n+ 1) (n*+») 


c »*(» + H 3 

s =- 4 - 


r ?i(»+D " a 

“L 2 J 


or 


S n 3 = [^f^] 2 . 

t \ We know that £n=— (Article 1*1) 


Coi 




o 


The sum of the cubes of the first n natural numbers 
equal to the square of the sum of these numbers. 
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Ex. 1. De-luce the sum of 6 2 +7 2 +8 2 +.+2Q 2 fromOut 

formula 

2 _ n (»4-l) (2n+1) 

— “. 6 

Sol. We can write the above series as 

(i*4_22+3 2 +.+5 2 +6 2 +.+20 2 ) 

— (l 2 +2 2 +3* 4-.4-5*) 

20(20+1) (40 + 1) 5(5+1) (10 + 1) 

~ 6 6 
20x21x41 5 > 6 x 1 \ 

6 o 

= 10x7x41 —55 =2870—55 = 2815. 

Ex. 2. Find the sum to n terms of 
1 2 + 2.3 + 3.4+. 

Sol. Here the first factors of the terms are 1, 2, 3, .. 

-which form an A. P. 

Their nth factor = l +(n —1 )1 =n. 

The second factors of the terms are 2, 3, 4,.which arc 

also in A. P. 

Their nth factor is 2 + («■ — 1) 1 = (n + 1). 

the nth term of the original series is n(n+l)=n 2 + n. 
or T/4 = nr + n 

Putting n= 1, 2, 3, 4,.. n, we have 

T 1= 1 2 +1 
T 2 =2 2 + 2 
T a =3 2 + 3 
T, = 4 2 + 4 


T„=n* + n 

Adding the terms, we get 

S n = (l 2 + 2* + 3* + 4 2 +.+ »*)+(l +2+3+4+... 

4*) 
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= £n 2 + £n 

n(»+D ( 2.1 + D . 

= 6 2 

. ,vf 9,, _i 1 ) w(h + M ( n - * 

_»L* + 1 >| 2 ?+i- + l - 3 -’ 

Note. (0 The above S u,n could be obtained even a S follow : 

Here T„=n 2 + ?i 

S„= 2 (n 2 + n)=£ + 

_ n („ + n( 2 »+l) + J l(,l 9 +,) ; etc. 

Note. (») If T n = w 3 +2n 2 + ) then the value of s n * s 

2 (n 3 + 2 n 2 +l) 

= v n 3 + 2 2n 2 + Sl 

7 ,2 7? P1 ) 2 2»<n + 1 * (-” 4 n -i „ : etc. 

— + fi 

v i_l_M + l +.to»Krms*«,. 

L “ . i .: n ^ this ' " lU A otaliun in the 

Henceforth we shall be applying tn>s . 

questions of this type. 

Ex 3 Find the sum to n terms oj 

«. ju:sr^. +T - T - “ 

the nth or the last term of this scries. 

... S = l+3 + 6 + 10 + 15 +.+ ? 

Also S= 1+3+ 6 + 10 +.+ ^piesTse note this step) 

Subtracting these we get : — 

or Tn — I + 24-3 + 4 + 5+.ton terms 

or T n =sum of the A.P. svhose terms arc : 

° 1 + 2-*-3 +.to n terms 

= ”[ 2.1 + (»- l ) • > l =-2 [" ! " 
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or T n =-i-» 2 -f -i-n. 

Hence S„ = 4"2n 2 + 

A. Ji 

1 f~n(;i+l)(2n+l) n(?*+l) 

= 2'L-6-+—2— J 

7i(?t+l)r 2n-| l 1 7i(» + 1 )(?& +2) 

— 2 L 2~+~2 J - 6 

Ex. 4. Find the sum of 

1 +4 +13 +40 +. to n terms. 

Sol. Let S=l+4+13+40 +.+ T n 

A Iso S = 1 + 4+13 + ...... + T7i—j -+ T n 

Subtracting these we have : — 

0 = (1+ 3 + 9 + 27 +.to n terms)—T n 

or T„= 1+3++9 + 27+ .to » terms. 

The R.H.S. of the above is a G.P. whose sum can be 
•out from the foimula 


n 


T..= 


fl 


a(r n — l) 

1 r 

1(3**- 1) 
13 — 1 ) 




S„=H23"-vi;j = *[3i + 3 2 +.+ 3")-w] 



Ex. 5. Sum the following series to n terms : — 

(3x3) + (5x7) + (7 x 13) +(9x21) +. ( K.U. 

Sol. The first factors of the terms are 3, 5, 7, 9. 

form an A P. 

Their 71 th factor is 3 + [n —l)2=2n+l. 

The second terms of the above terms are 3, 7, 13, 21,.. 


found 


1063) 

■which 
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These are neither in A.P nor in G P. Let us, thereto e, hnd 
their nth factor as in Examples 3 and 4. 

Let S = 3 + 7+13-|-21 +.+ T„ 

Also S =3 + 7 + 13 +.+T n _ 1 +T„ 

By subtraction we get 

0 = ( 3+4 + 6 + 8 .to n terms) — T n 

or T„ = 3+4 + 6 + 8 + . to n terms 

= 3 -}-( 4+6 + 8 +.to (» — 1 ) terms} 

= 3+ r ^-(2.4 + (n-l-l)2} 

= 3 + (n— l)(4 + n — 2) 

= 3 + n* + » — 2 = n 2 +n + 1- 

,\ the nth term of the original series is 

(2 n+ 1 )(n 2 + n + 1 ) 

= 2n 3 +3n 2 +3n+l. 

Hence S n = 22 n 3 + 3vn 2 + 32n + 2l 

2n 2 v n+1 ) 2 3n(n+ l )(2n+l ) 3 »(»+_•) 

= - 4 -r 6 f 2 

= 2 (n(n+l) 2 +(n + lK2n+l) + 3(n+l)+2J 

= 2-[« 3 + 4n 2 + 7n+6j 

= ”-(n-i-2Hn s +2n + 3). 

EXERCISE 1 

Sum the following series to n terms :— 


t. 12+32 + 52 +. 2. l 3 + 3 3 + 5 3 +. 

3. 2 a +4 3 + 6 3 +. 4. l+(l+ 2 ) + (l+2 + 3) +. 


5. (l+2)(3 + 4) + (5 + 6)(7 + 8 ) + (9+10)(ll + 12)-^ 
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Sum the series : — 

6. I 2 —2 2 -f-3 s —4 s +.to 2n terms. 

7. l-r(l -7-3) + ( 1 4 3 -f- 6) -f-.to n terms. 

8 . 1 -7- 3 -{- 7 —f- 15 -f-.to n terms. 

3 + 7 4-13 + 21 +.to 71 terms. 

10. 1.3.5+3.5.7 + 5.7.9-1-.to n terms. 

11 . -3-1+3+114-27-4- . ton terms. 

12. 1+34-7+ 12+18 + 25+ .to n terms. 

13. 1.1 4 3.3 + 6 .5+ 10.7 +.to n terms. 

14. Find the sum of l*+3*+5* +.to n terms 

from the sum of P+2 2 + 3*+.+ „+ 

15. Find the sum of products taken two by two from 

(«) 1. 2, 3, 4.. w . 

(b) 12 + 22432 ,.. n 2 . 

16. Find the sum of the terms in the nth row of 

1 

3 5 

7 9 11 

13 15 17 19 

















CHAPTER H 

PERMUTATIONS AND COMBINATIONS 

I. Permutations 
2*1. Factorial Notation. 

The product of all numbers from 1 to 5 is called 
5 and is written as |5 or 5 !. Thus 

~T.2.3.4.5. = | 5_ or 5 ! 

Similarly j „= 1 .2.3.4.. n 

Ex. 1. Prove that |n =* | » — 1 

Sol. We know that | » ~»(n-l>(»-2) . 1 

s=n[(n—1 )(h—2).= 

| 2 n 

Ex. 2. Prove that 1.3.5....(2n — 1) = 2 « | n 

1.2.3 4-5.6...(2» — l)2n . 

Sol. Here 1.3.5....( 2rt—1 ) = 2^6 ..-2h 

\2n 

= (2.lH2.2ir2.3).T.l2.«) 

|2n = I 2m _ 

= 2"l 1-2.3 ..ni 2" \nj 

Ex 3. fW the 6am to n terms of 

1 I l +2 | 2_-f3'J3_ + 4| 4-4-. 

Sol. Here T,= 1 |J_-(2-l) 

T 2 =2; 2 =(3—1) l_ 2 = _5_ » — 

T 3 = 3l 3 =(4 — 1 )|_3 = iJl - 1 3 


T”=n|^‘i(n+1)-1] i * = V±L - - 


9 
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iio 

Adding all these we have 

s»h*h-i-I 1 

— 171 -f- 1-1. 

2*2. Permutations. 

The permutations of a given number of things are 
■the different ways in which some or all of them can be 
.arranged. 

Illustration. Suppose a, b, c, d are four things and we 
have to arrange two things out of these, then the different 
arrangements or permutations will be 

ab, ba t ca, da, ac, be, cb, db, ad, bd, cd, dc. 

Thus Ihe number of arrangements is 12. 

Similarly if o, b, c be three different things and we have to 
arrange all these three things, then the different arrangements 
are 

abc, acb, bac, bca, cab, cba. 

The number of arrangements is 6. 

2*3. Fundamental Principle : 

If one operation can be uone in m u ays and if corresponding 
to each way of performed the first operation, there are n ways of 
■ doing the second operation, then the total number of t cays of 
performing the two operations is mxn. 

(t) Let there be a room which has four doors marked as 
1, 2, 3, 4. We have to find the number of ways in which a 
man can enter the room and leave by a different door. Let ‘E’ 
stand for Entrance and *L’ for leaving. The ways of entering 
and leaving can be exhibited as fo’lows :— 

No. of ways :— 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) 


| E i 1 ' 

I * i 

1 { j 1 

111 2 ! 2 

i ; i 

2 

| 

3 ! 

3 

3 4 

4 

4 

L 2 ; 

1 1 

i 1 

3 4 1 i 3 

> ' ' 1 

4 ! 

! l 1 

1 

i 

i 

2 

4 1 

2 

3 
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If we count the number of of en.^n^thc toom and 

Y 2 a : i Tve b cL\cr i tr«h i s°r 0 esuu' V 1 n the following -anneraho. 

We can enter the room ... 4 different f 

enter it by the door 1 or by 2 or by J-^4. by (hrec 

the room by a door we cac h NV ay of entering the 

different doors. So. corrcspo S . s fol - f our ways of 

££»?£ entering and .caving 

" 4 ,«5 A man has th.ee shirts and four pants. In how many 
ways can he wear a pant and a stair . ^ (h<J by 

Let us denote the shirts by S„ b 2 , 3 

P »» P 2 . p 3» ,.*r*ncr a shirt and four ways of 

There are three ways ®. f we o % a ch way of wearing a shirt 
wearing a pant. Corresponding to each way 

there are four ways of wearing a pant. is 

• total number of ways of wearing a shirt P 

3 X 4=12. 

These ways are given below 

S 1 P 1 S 1 P 2 


s 3 p , 


S 2 P 

s 3 p 2 


SI P 3 

S 2 p 3 

s 3 P •> 


s t p 4 

s t p 4 

S 3 P 4 


From 'He Loe copies 

can be performed in m nays a / j uay °J performing the 

% t rS&srfc yvsr 4 - 

'Tt:«% z ts. of s- 

Anantnag. In how many different but ? 

Srinagar to Anantnag and return by JJ Srinagar to 

Sol. There ate 8 ways.of 

Anantnag. When a man has remaining 7 buses 

buses, he can always return by on olther Sri „ a gar to 

So corresponding to each way of travel it b 
-Anantnag there are 7 ways of returning. 
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total number of ways of making the two journeys is 

8x7 = 56. 


2 4. To find the number of permutations of n dis¬ 
similar things taken ‘r’ at a time, when the things are 
not repeated and r < n. 

The number of permutations of n different things taken r 
at a time is the same as that of arranging r things out of n things 
in r blank spaces. 

The first blank space can be filled up in n ways because 
there are /* things at our disposal. Corresponding to each 
way o| lilling up the first blank there are (n —1) ways of filling 
up the second blank as («— 1) things aie left behind. 


number of ways in which the first two blanks can be 
filled up is (n)(n— 1) ways. And when first two blanks have 
been filled up in any one of the n(« — 1) ways, the third blank 
can be filled up m {n -2) ways. So the number ol ways in 
which the first three places can be filled up is n(n — 1 ){n— 2). 

Proceeding in this way, we observe that a new factor is 
introduced with '•ach new place filled up. Also the number 
ot factors is the same as the number of places filled 
the factors go on decreasing by one successively. 

.* • number of w ays m which first r places can be tilled, 

up is r 


up;and 


n',n— 1 i(// —2) . to r factors. 

Now the second factor is w— (2— 1) =n— l, 
the 3rd factor is n — (3—1 ) = u — *> 
and so on. 


Hence the rth factor is n — (r — 1) =? n _ r 1 

.-. the number of permutations of n different things taken-. 
t at a time is 

n(n— 1 )(n -2). (/I — r-f 1 ) 

We denote this product by "P r . The top prefix ‘/ t ’ denotes- 
the number of things at our disposal and the bottom suffix ‘r’ 
denotes the number of things taken, and 'P* denotes the first 
letter of the word •Permutation’. 

So n P f =/i(/i —!)(,/ -2) 


in —i f 1 ) 
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Cor. 1. Factorial Form of "P, 

We know that 

"P r =H(>4 - 1 ){n — 2).(«. — r+1) 

Multiplying and dividing the R. H. S. of this 
.by (u — r)(n — r— l) — 3.2.1, we get 

np n{n— 1 r 4-1 l(n — r)(n- r— 1)...3.2.1 

r ~ (n — r)(n — r —l)...3.2.1 


n 


n - r 


... (Article 2*1) 




Hence "P r = _ 1 — 

i n—r 


Cor. 2. The number of permutations of n disjimilur 
dake/i all ul a time is 

"P„=n(n— 1K n —2). (n — n-f- l) 

= n(n —1).1 =!n 

Cor. 3. Meaning of \ 0 

We know that "P r = ——- 

l n “ r 


l kings 


9 ■ » ^ ■ 

But n P„= | n which gives |0 =1. 

Ex. 1. // "P 4 =M0,Ji7id n. 

-Sol. Here n P 4 = 840 

•or n^n—l)(n —2)(7i —3) =840. 

•or [n(n—3;J[(n —lj(n—2)]=840. 

■or (n. 2 — 3n)(n 2 — 3n-p2) =840. 

Putting (n*-3n) =y we have 

//(!/+ 2 ) =840 

■or f/*+2y—840 =0 

•or (»/—28)(t/-f30)=0 
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or y =28, —30 

.\ u~ — 3/. —28, —30 

or )i 2 — 3 n — 28 = 0 and n~ — 3n-j-30 = 0 

Worn these we have 



3± v/- 1 1 1 

2 


The only possible value of n =7. 

Ex. 2. Hcnr many permutations ran he formed of the letter# 
of the word * triangle ’ ? Ho\r many of these trill bet/in with't' and 
end with V ? * [PU. 1944] 


Sol. The word ‘triangle’ consists of eight letters. 

.-. number of arrangements of its letters will be 8 P 3 or '8 

In the second case the positions of 7’ and '«?’ are fixed in all 
the permutations. So arranging the remaining 6 letters in all 
possible ways we get the required number of permutations as 
•P„or I6_. 

Ex. 3. Ifotr many numbers of six digits can be formed from 
the digits 4, 5, *». 7, -f. 9 : n> digit being repeated ? How many 
of them are not divisible by 5 ? [P.f*. 1945] 

Sol. There are f» digits and we have to arrange all of these, 
required number of numbers is 
°\\ or | 6_ — 720. 

for the second case we consider tlose numbers which have 
.» on their right hand extreme. Such numbers are divisible by 
5 and their number cm be found out bv keeping the right 
hand extreme position ot the digit ‘3’ fixed and arranging the 
remaining 3 digits. 

their number is 5 P. or 5 =120. 

lienee the number ol numbers which are not divisible by > 
is | b __ ; 3 =720-120 

= GOO. 

Ex. 4. How many numbers lying > b> tween 2000 and 3000 
can be formed with the digits 7, 3, j, 2 ? [/v. l\ l n t er . 1956] 
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Sol. Such numbers must have ‘2 on their left hand 
extreme. Keeping the position of ‘ 2 ’fixed and arranging the 
three remaining digits we obtain the required number ot 

permutations as 


3p 3 — |3_ =6. 

Ex. 5. In how many ways can 7 different books be arranged 
on a shelf so that 

(i) three of the books are always together, 

(ii) three of the books are not together ? [K.U Inter. 1960) 

Sol. There are 7 books in all. Consider those three books 
which are to remain together as one book. Therefore there are 
5 books now. These could be arranged among themselves in. 
6 P f) or | 5 ways. Corresponding to each ol these |j_ way*, 

there ari~ | 3_ ways of arranging the three books among them¬ 


selves. 


5 


total number of ways in this case is I 5 

For the second case, the total number of permutations of 7 
,ks taken all of them at a time is ’P 7 or J 7 . 


books 

number of permutations when the three particular 
things arc not together is | 7 — 13 I 5. 


Ex 6 In how many way3 of penn Nations of 10 things taken 
4 at a time will one particular thing (i) always occur, (»i) never 

occur ? 

Sol. One particular thing can be placed in any one seat 
out of the four seats in 4 P, ways. Corresponding to each ol 
these ‘P, ways, there are y P 3 ways of filling up the lemammg 
three seats with three things out of the remaining 9 things. 

... Total number of ways is e P 3 x 4 P, 

= 9 8.7.4=2016 

In the seeond case, we have to fill up > l»|aces with 4 th.ngs 
out of 9 things (as one thing has been excluded), 
number of ways = «P t =9.8.7.(>= 302-1 


« • 
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Ex. 7. Find how many ico r ds can be formed with the letters 
the word ORIENTAL, so that A and E always occupy odd 
ices? IP.U. 1951} 

Sol. The wjrd ORIENTAL consists of 8 letters. We 


shall exhibit the places to be filled up as follows : 


1 2 3 4 5 6 7 8 


X X X X 

Tnere are four o Id places marked as ‘x’- 

The nu nber of w lys io which we can arrange the two 
letters ‘A’ and ‘E’ in the four odd places is • | P a Correspond¬ 
ing to each of these ways there are °P B ways of filling up 

the re.mining 6 places with the remaining 6 letters. 

total number of ways is ‘P.j X C P 0 

= 12 x 720 = 8640. 

Ex 8. Find th * num'ier of significant numbers of five digits 
formed from 0, /, 2, 3, 4. 

Sol. There are five digits at our disposal. So the number 
of numbers possible would be a P 5 or 5 = 120. But this in¬ 
cludes those numbers also which have ‘O’ at their left hand 
extreme. These are not significant numbers of five digits. 
Keeping the. position of *0’ fixed at the left hand extreme, we 
get the number of such numbers as 4 P 4 or 24. 

the number of significant numbers of five digits is 
120-24 =96. 


EXERCISE 2 


1. Show that 100=1.3.5.7.99 50.2 60 . 

2. Prove that : — 


(■>) !— + = I ->+» _ 

r 1 yl ~ r 1 r— 1 I n — r -f- j ~~r r + 1 

(M |_2»t | n- 1= 2 I n ( 2n-l. 

3. ll n P 4 = 840, find n. 

4 I f r *Pj : " r2 l\ =2 : 7, find n. 
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5. 16 P f _, : 16 P,_ 2 =3 : 4 ; find/•. 

6 . A man has 4 pants, 3 shirts and 2 ties. Find the num¬ 
ber of ways in which he can wear a pant, a shirt and a tie. 

7. Three travellers arrive at a town where there are 4 
hotels, in how many ways can they take up their quarters, ea 
at a different hotel ? 

8. How many words can be formed out of the letters of 
the word SECULAR, and how many of them will 


(t) have S in the beginning ? 

(it) begin with ‘S’ and end with ‘R ? 

(itt) have ‘CU’ always together ? 

(tr) have ‘CU’ never together ? 

9. The figures 1,2, 3, 4, 5 are written in ewy possiU 

order How many of the numbers so forme " ° ‘ 

than 23000. . . [ 

10. How many signals can be given by hoisting 5 flags of 

different colours ? 

11. In how many ways can 5 books on chemistry and + 

books on physics be placed on a shelf so that books on the same 
subject always remain together. I 

12. How many different numbers can be formed with the 
digits 0, 1, 2, 3, 4 ? 

13. Find how many words tan be formed out of the letters of 
the word DAUGHTER', the vowels always coming together ^ 

14. How many different words can be formed ol the 
the letters of the word ‘MALENKOV so tha 

(a) no two vowels arc together ? 

W the relative position of the vowels and conmnants 
remains unaltered . v 

15. 7 candidates are to take an examination 2 in mathe¬ 

matics and the re,training m other jhllerem^u.ueUs^ ^ ^ 

exarninees^in mathemLw? mfy no, sit together 7 (P.U. 1950 ) 
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16. Out of the permutations of the letters of the word 
•BEHAVIOUR’ 

(») how many begin with the five vowels ? 

(ii) in how many do the five vowels occur to¬ 
gether ? 

17. In how many of the permutations of n different things 
taken r at a time will three particular things alwajs occur, 
and in how many ways of the permutation* these will be 

excluded ? 

18. Ol the numbers formed by using all the digits 1. 2, 3, 
4, 5, 6, 7, how many are even ? How many of them arc 
odd ? 

19. How many words can be formed out of the letters of 
the word ‘ARTICLE’ so that the vowels are in even places ? 

(P.U. 1042) 

20. In how many ways can the letters of the word 
‘WISDOM’ be arranged so that the vowels occupy only the 
odd places ? 

21. In how many ways can 4 boys and 3 girls be arranged 
alternately with a boy at each -*nd of the row ? 

2 5. Permutations of things, not all different. 

To find the number of different arrangements which can be 
formed out of the letters of the word ‘ALLAHABAD’. 

We can arrange the letters of the above word so that the 
like letters come together and write as ‘AAAALI.HBD’. Here 
we observe that there are 4 A s, 2 L’s and the remaining three 
letters H, B, D are different. Let .r be the number of permuta¬ 
tions of this word. Now. in each of these .r permutations 
replace the like letters A, A. A, A by the unlike letters A,. A.* 
Aj. A, without altering the positions of the other letters. 

each of these .*• permutations can now be arranged in 
T.i oi 1 ways (as A t , A 2 . A,, A, can be arranged among 

thcmselve* in 14 ways). So the number of permutations is 
now x| -1 
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Again, replace the like L's by the unlike letters L, and La- 
Arranging the e two unlike letters and L 2 in each of these 
|4_ permutations we get the total number of permutations 


as x, 4 



But this is the total number of permutations of the nine 
different letters A, A 2 A 3 A 4 L, L, HBD taken all a time and 
is, therefore, equal to | 9 . 

22. *j 4 j 2_ = | 9_ 



Similarly, if there are n things out of which p are alike and 
of one kind, q like things of a second kind, r like things of a third 
kind and the rest things are all different, the number of ptemula¬ 
tions would be 

_l»_ 

I JL IX IJL # 


2 6 Permutations with Repetitions. 

In how many nays can r prizes be given to n buys, when each 
boy is eligible for any number of prizes ? 

The first prize can be given away in n ways. Corresponding 
to each of these » ways there arc n ways ol giving away the 

second prize, since a boy can receive both the prizes. I lu re- 

fore the first two prizes can be given away in u X a ot n- wap. 
Similarly the first 3 prize* can be given away in it 3 ways. 

... f„st r prizes can be given away in n r ways. 

2 7. Circular or Cyclic Permutations. 

In how many ways can Jive per tons form a ring ? 

Let the five persons be denoted by a, b, c, d, e. 



no 
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The single cyclic per nutation a.We gives rise to the follow¬ 
ing cylic permutations 

abcde, bcdea, cdeab, deubc, cabcd 



These live cyclic permutations are not different, but these 
arc different when they are considered as row permutations. 
For in all these five permutations the persons round the table 
have the same relative positions when we observe these 
arrangements in the same sense •rthf r clokwise or anti-clock- 
wisc). These five arrangements are ' /alent to one cyclic 
permutation. But the number nf l.near permutations is 



Therefore the number of cyclic permutations is 



Similarly, n persons cat form a ring in ( n — 1 uays. 

Ex. 1 . Find the. number of trays in trh : ch 4 men and 4 ladies 
can te seated at a round table, so that no tiro men mat/ be together. 

( P.U. 1957 ) 

S°l. Let us arrange the four men at this round table in 
sin i a way that there is a gap between anv two men. And 
then we shall arrange the ladies in these gaps'. 

the lour men can he arranged at the round table in I 3 
ways. Corresponding to each of these ways there arc | 4 ways 

? f . mr rSXr.! ad \ r5 m \ he f ° Ur gaps (since in no two of these 
\ 4 wap the ladies have the saim relative positions). 
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Thus the total number of ways is 

I 3 X i 4 =6x24 = 144. 


Ex. 2. In how many mays can 5 rupees and 6 pict be 
arranged in a ring {the rupees being all alike and the p J 

all alike). 

S °'- Let h U V dC p°p C P V U P ee lc^' 'be a'e'equ.Ved Ite 

"u P ^o"l P ^n^acbor\h; s e * arran^ replace jhe 

ill.. » i? R K R bv the unlike letteis K t , w 2 , iv 3 , 

like letters R, R R» R. , u > 111 without 

n R Arraneimr these letters among themselves witn 
R^, K 5 . Arranging , i etters wc get the total number 

altering the positions ot the otner letter* » 

of permutations as x | . 

Similarly replace the like tetter, 

^VX/mseivc^’breach 'of / . 5_ permulauons. Therefore 
the total number of permutations now-* J_5 \0__- But 1 US 

denotes the number of permutations of 11 dillccnt tilings in a 

circle which is jlO 

x i 5 6 =10 


x = 


llL h 


= 42. 


Ex. 3. In lou> many ways can 6 flowers oj different colours be 

tttruna ae to form a garland ? . 

Sol Let us denote the flowers by a. b, c, d, e,f. Consider the 

two cyclic permutations abedef and ajedeb. 

._ /% 


<L 
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If the garland with the llowers arranged as in Fig. I is 
‘ turned over” we get the arrangement shown as in Fig. II. 
Therefore these two arrangements are identical. In case of 
garlands, necklaces etc. we make no difference between 
clockwise and counter-clockwise arrangements Therefore the 
required number of permutations is 

\ X [_5 =60. 

Cor. In cue of n different flowers strung as to form a 
necklace the number of permutations rcotild be \ \ n —l . 

2'8. Prove from first principles that 

"P r = n x n-1 P r _, and 

get the value of "P r . 

Let us denote the n different things by a, b, c, d ., l. We 

have to permute r out of these n different things. 

The number of permutations which begin with 'o' can be 
obtained by keeping the position of *«’ fixed and arranging 
the remaining tn—i) things in (r- 1) places. Theieforc the 
number of such arrangements will be " _, P r _,. 


Similarly the number ol permutations beginning w ith *6’ is 

f,-1 P r - 1 and similar is the case when *c’ or ‘d* . occurs in 

the beginning. Therefore the total number of permutations 
will he /ix" 'P r _,. But the to'al number of permutations is "P f . 

" P r = n x —'» P r _, 

This relation is true so long as n<r. 

So f *p r = u x P r _, 

1 P r -, = » — 1 x "--P r - 2 

-P2 x n ‘ 3 P r _3 


n — 


n 


"- r * ‘P.j = (n - r 2) x n - r * 1 P, 

Multii>lvirg the corresponding sides of these equations and 
cancelling the like terms on both sides we get 

"P, = n{?i -1) (n-2).fw-r-f 2) (n-r-f 1). 
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2 9. Prove without assuming any formula for "P r that 

H p_ fl - iPf+ , x -P r , (f>X7 1950 ' 195 6 ) 

The number of permutations of n things taken r at.a time 
is equal to the sum of the permutations including a part.cula 
thing say •a and excluding the particulai thing a. 

Let us olace 'a' in one of the r places This can be done in 
'P, ways, 'corresponding to each of these 'P, ways of pUc. g 
in one placethere are ~*P, , ways of arranging (-D 
things out of (*-l) things in the re.Mtn.ng (r-1) placet. 
Therefore the total number of permutations whi 

r P 1 X n ' 1 Pr-l = r - n_l Pf-l* 

Let us exclude V now. So we have to arrange r thingsout 

of(n—11 things in/places. Therefore the number ol pern 

tations when *a' is excluded is n a P r . 

. np f =«-ip f +rX n " 1 Pr-r 

EXERCISE 3 

1. Find the number of permutations which can be made 
out of the letters of the words : — 

(a) MISSISSIPPI (6) SERIES (c) MATHEMATICS 

2. How many numbers greater than a million can^bc 
formed with the digits 2, 3, 0, 3, 4, 2, 3 . 

3. How many different words can be formed with the letters 

of the word BHARAT? In how many of these a ^ ^ 
never togethci and how many ol these beg ^ 1057) 

with T ? 

4. How many numbers formed with the digits 1050) 

2, 3 are divisible by 5 ? 

5. There are m men and ,l n,onl j® y ^ ; h ^" 'ny ways can 

may have any number of monkeys ()^ ^ ^ many ways can 
every monkey have a master . ( ) 

every man have a monkey ? 
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6. In how many ways can 6 different rings be worn on 

4 fingers, when there is no restriction on number of rings to be 
put on a finger ? (D.U. 1952) 

7. A boy has 6 pockets and some marbles. In how many 
ways can he put 3 marbles in his pockets ? 

8 In how many ways can a person send 4 parcels when 
there are 3 post offices in the city ? 

9. How many different numbers ol 3 digits can be formed 
with the digits 0, 1,2, 3, repetitions of digits being allowed ? 

10. There are four doors to a room. In how many ways 
can a person enter the room by a door and leave it by the same 
door or by a dilYerent door ? 

4 

11. In how many ways can 4 persons be seated at a round 

table so that all shall not have the same neighbours in any two 
arrangements ? (D.U. 1950) 

12. In how many ways can 11 members of a committee sit 
at a round table so that the secretary and the joint secretary 
are always the neighbours of the president. 

13. The premiers of eleven provinces of India meet to 

discuss the problem of minority. In how many ways can they 
scat themselves at a round table if the Panjab and Bengal 
premiers choose to sit together ? (P.U. 1940) 

Find the circular arrangements in which the Bengal and 
Panjab premiers do not sit together. 

14. In how many ways can G different beads be arranged 
to form a necklace ? 

II— Combinations. 

2T0. Definitions. 

T.et there be four things a, b, c, d at our disposal. The 
different arrangements out of these four things taken three at 
a time can be 


abr 

aid 

acd 

bed 

nrh 

ad/- 

adc 

bde 

bar 

I>ad 

ra>l 

cbd 
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bca 

cab 

cba 


bda 

dab 

dba 


cda cdb 

dac dbc 


dca deb 

These are 24 permutations. li ve do not pay any 

the order in which things are placed or c i » different 
concerned with the things which we choose, then the d.fierent 

groups or selections are 

abc, abd, aed, bed .(*) 

These groups or selections are called Combinations. The 
groups, abc, acb. lac, bca, cab, cba are equivaknt to one 
combination abc and similar is the case with other such grm p ^ 

in each of these 6 arrangements we have tta w 

things a, b. c placed in different order and in combmat.ons we 
are concerned with the things w hich wc choose 
their order.) 

The combinations as in («) are such that no twoSIvc arrVnec 
involve the same things or same letters. Also d ve arrang 

each combination as in (t) we get the permutations. 

Note The number of combinations ol >t different 
taken r at a time is denoted by "C r where n is the total m nibei 
of things given, /• is the number of things chosen or selected 
and C is the first letter of the word combination. 

2*11. To find the number of combinations of n 
different things taken r a time. 

Let °C r denote the number of combinations of n dungs 
taken r at a time. Each of these combinations contains . , thin^ 
So each combination can be arranged in i r or | — 
the total number of permutations possible from t cse 
combinations is 

| r X "C,. 

But this is the same as the number of permutations 
different things taken r at a time which is 

x"C r = "P r 


of r. 
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or -C r = n <— l)(»-2)-.-»-r+l) ([) 


n 


J n—r 


( 2 ) 


•Cor. Putting r=n we get 




Cor, 


"C„=_— _ =1 

l» l«_ 

Putting r = 0 we get 

n 


C 0 = 


0 


= 1. 




2’12. Complementary Combinations :— 

The number of combinations of n things taken r at a time is 
equal to the number of combinations of n things taken ( n-r) at a 
time. 

First Proof. {From First Principles ) 

When \ye select a group of r things out of n things, a group 
° ( 11 things is left behind. Thus corresponding to each 
group of r things there is one group of the remaining {n—r) 
things. Hence, the number of combinations of n things taken 
r at a time is exactly equal to the number of combinations of 
n things taken (n — r) at a time, i.e. 

"C = n C 

'“‘r— '-‘n-r* 

Second Proof. 


"C r = 


HP _ 

^n-r — 


n 


r i n — r 


I _ I 


n 


) r I 


Also 
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£s. 1. Find the value of 20 C 17 

Sol. "C 17 — ,o C !0 ., 7 =“Cj 

Ex. 2. Find the value of n, when 


"» 2 C, 

n-':p 


57 


( P.U. ii/56) 


Sol. 


'+ 2 C 


8 


or 


16 
57 

"- 2 P 4 & 16 

fn^9w«4-n(wl(n-n(n-2 )^n-3)(n- 4Hn-5_)__ 57 

-- ” 16 


8 (n — 2)(n—3){n— 4)(n — 5) 

oj («+2)(n+l)(n)(n— 1) = 57.7.3.5.4.3.2 

= 21.20.19.18. 

by inspection n=19. 

Ex. 3. If "C I2 = "C 8 ; find 22 C n . 

Sol. Since n C r = n C n _ r , 

Comparing with n C l2 = n C 8 we get 
r= 12 and n—r = 8 
or ?i = 20 and r=12. 

22.21 


(P.u. iyss) 


So 


22 C n = 22 Co„ = 2? C 2 = 


= 231. 


20 — w 2 2 

. 4. Find the number of diagonals of a heptagon. 

Sol. A straight line is obtained by joining two points. 
So the number of st. lines by joining 7 points two by 

?C 2 = =21. But this includes the number of the sides of 




the polygon which is 7. 

... Number of diagonals of this polygon =21 — 7 l*t. 

Ex. 5. Find the number of straight lines formed by joining n 
points tuo by two when p of them are collineai. 

Sol. If the points be such that no three or more o nem 
lie in a straight lines, then the number ol straight hn 
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is n C a . Also the number of st. lines from p points would have- 
been 'C 2 . Since the p points are collinear. therefore, instead 
of giving p C a st. lines they now give only one st. line. 

• number of st. lines excess in n C 2 is r C»—1. So the 
required number of st. lines in "C 2 — ; P C 2 — “l ) = T Cj— P C., -f 1. 

Ex. 6. A basket contains 10 mangoes. Find hoir many 
different selections you can make of 3 mangoes so as to include a 
particular mango. ' ' (C.U.) 

Sol. Since one paiticulai mango i^ always to be included, 
therefore, we have now to select only two mangoes out of the 
remaining 0 mangoes. Therefore required number of wavs is 
,J C.. — 36. 

Ex. 7. .-1 rejugee bridegroom has 10 acquaintances of whom 

■> are his teachers. In how many mays can he invite 7 guests so 
that two oj them may be his teachera ? 

Sol The teachers can be invited in 3 C a ways. There are 7 
acquaintances in addition to teachers. From these we have to 
select 5 more guests. 

This can be done in 7 Cb ways. 

( orresponding to each of ‘C a ways of selecting teachers 
tlirie are C- ways o( selecting the other guests. So the totaL 
number ol ways — ;i C., x 7 C- = 03. 

Ex. 8. .*1 cricket team consisting of 11 players is to be selected 

Jrom two groups of 0 and .S respectively. In how many mays can 

/e cction be madi provided the group of C ehall contribute not 
Jemer than -1 player * ? ^ 

| S ,? 1- .u et u lS ^? note thc S rou P s °f h players bv ‘A 1 group 
in‘ l h f n her by ‘ B grou b- 'Ve can select the team of pluver* 

(0 4 pla\ ers from ‘A’ group and 7 from ‘B’ group. 

(i>) :> from ‘A’ group and G from *IV group. 

( ,,, l b from ‘A’ group ami 5 from ‘IV group. 

T he selections as in (i) can be made in 

S C, x 9 C-«= 'C.. \ *C,= 120 was 5 . 
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The selections as in (ii) can be made in 

6 C 5 x 6 7 8 C 6 = 6 C 1 x 8 C 2 =168 ways. 

The selections as in (iii) can be made in 

e C 6 x 8 G 6 =1 x 8 C 3 = 56 ways 

total number of ways 

= 120+168 4-36--=344. 

EXERCISE 4 


1. If 18 C r = ’ 8 C, +2 , find r C-. 

9 If "+1C . "C : n - , C r _, = 11 : 6 : 3, find the value of 

2 II W r i p u J956 S) 

n and r. ... 

3. Prove that the product of any r consecutive integers is 

divisible by | r . 

4 From a company of 20 soldiers 4 are placed on guard 
every two hours. For what length of time can different sets be 

■selected. 

ft. There arc 12 men and 16 women. How many diflercnt 
parties can be made each consisting of 3 men and 3 women 

6 A regular polygon has 23 vertices How many additional 
lines need to be drawn so that every pair of vertices^wd^be 
•connected? ’ ~ 


7 There arc 20 points in a plane, no three of which are 
•collinear except 3 which are collincar. How many (»') st. lines 
(ii) triangles can be formed joining them. 

8 A father with eight children takes three at a time to the 
Zoological gardens as often as he can without taking the same 
three children together more than once, llow often will he go 
.and how often will each child go ? 

9. A cricket team of 11 players is to be selected from 6 
teachers and 8 students. In how many ways can the selection 
be made so as to include at least four teachers ? 


10. Given 5 st. lines of lengths 2, 3, 4, 5 6 inches respecti¬ 
vely, find the number of ways in which 3 can be chosen to 

form a triangle. 
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11 . Given 7 st. lines of lengths l, 2, 3, 4, 5, 6, 7 inches 
respectively, find the number ol ways in which 4 can be chosen 
to form a quadrilateral. 


12. Among 20 members of a club, there are two wicket¬ 
keepers and five bowlers. In how many ways can eleven be- 
to include onlv one of the wicket-keepers and at least 


chosen to include only 
three bowlers ? 


{R.l 


13. In how many ways can a hockey eleven be chosen out 
of 16 players so as to (i) include two particular players (ii) ex¬ 
clude two particular players ? 

14. Find the number of ways in which 8 fruits can be. 
selected from 10 different fruits when 2 of them arc always 
included and one always excluded. 


15 . In how many ways can 3 cards be selected from a pack, 
of 52 cards '? In how many ways of these will one ace occur T 
In how many of these will, at least, one queen occur ? 

16 If »«C S : '* ! P| =57 : 16 find the value of n. 

( P.U . l‘Jo6) 


*2-13. To find the number of combinations of la¬ 
things taken r at a time without using the formula, 
for P r 

Let us denote the lings by the letters u, l>, c, <1 .. L 

Also the number ol combinations of n tilings taken r at a time- 
is denoted by "C r . Since each combination is a group contain¬ 
ing r letters, thcrefoie, the total mi nber of letters in these 
groups will be r X "C.,. 


To liud those combin itions which contain the letter ‘n’ we 
have to select (r — l ) letters from the remaining (n — l ) letters. 


These combinations rue ’• 'C, , in number Thus ‘r/’ occurs 


'■ ; (’ r . times. Similarlv r-ach of *V 


c.occurs 


limes. Thus the total no .'ir of letters will be »x"' (>-, 


,,_1 C r _ r 


:’C'L = |, -H’ 


< >r 


’ C’. r 


• • 


>t: 


r — 


*Tlvs article may be omitted by lcs> ambitious students 
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n — 1 


Similarly n ~ 1 C r _ 1 = ^ 

n-2c ^ H ~ 2 x n ' a C r -, 

K ~‘r—i — r _ 2 * 


n-r + 2C 2 = M 2 +2 X , ‘"" flC ‘ 





Multiplying the corresponding sides of these equations and 
cancelling out the like terms we get : 

n(n— 1 )(/t — 2)...(n — >'+1) 

r_ IJL ' ‘ 

2*14. To prove that n C r +”C r _ 1 * n+1 C f . 

First Proof t From First Principles). 

The total number of combinations of (n-b 1) things taken r 
at a time will be denoted by n+1 C r . These combinations can. 
be divided into two groups :— 

(i) Those which include a particular thing, say a, 

( H) those which do not contain it. 

For getting the number of combinations of (»-f-1) things 
taken r at a time which include a particular thing *a’ we have to 
select the remaining (r — I) things out of (n) letters. The 
number of the ways in this case will be ,, C r _ l . 

For getting the number of combinations of (n+1) things 
taken r at a time in which a particular thing ‘a is excluded 
we have to select r things out of the rem lining n things. 1 his. 
can be done in n C r ways. 

Hence "+»C r ="C r _ 1 + "C,. 
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.Second Proof : 




[n +1 _ 

\r | »— r +l 


| » l_g. 

.-Mso "C H +"C;=—j r_ [ n —r 

l_* 1 — { 

( n - r + 1 r ) 

| »_ { r + ft-r-f-l ) 

=i r _ris_T+u r ' n r + 1 )) 

< w ±_ l LL5- _ l^t- 1 

— r>—1, (n-r-fl)j »-l | r_ [ n—r+l 

=L.H.S. 

Ex. 1. Show that n C 0 -f ,, Ci4- n C 2 4* ...-*- n C f> =2 n . 

Sol. VVe know that n C r 4 - n C r -i = ,,+1 C f 

«c 1 = n - , c 0 +"- 1 c 1 

,, C 2 = ,,-1 G 1 -4- n_1 C 2 
nC3 = '- 1 C 2 -h«- 1 C 3 


•'C n _ 1 - n - i c n _ 2 + n - i c f> _ 1 

Also n C 0 = n 'Cq 
Adding vertically we have : — 

"C # +*C 1 +«C,+.+"C a 

= 2["- 1 C 0 +"- , C 1 -i- H - I C 2 -r.-r’* -1 G n _ 1 ] 

= 2["- 2 C 0 + {"-’C 0 + - *0,} + { ” ‘ 2 C a +"-*C 2 } 

4 -.+"-*C„_ 8 ] 

=2H"- 2 C 0 -i-’*- 2 C 1 -f"--C 2 4-.+ n - 2 C n _ a ] 

=.=2" 1 [ , C 0 -r 1 C 1 ]=2 n - 1 .2‘=2". 
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2*15. To find the total number of waj s in which it 
is possible to make a selection by taking some or all 
of n different things 

Each thing can be dealt with in 2 ways, for it may either 
be accepted or rejected. Coiresponding to each of the two 
ways of dealing with a thing there are 2 ways of dealing with 
any other thing. Therefore there are 2 2 ways of dealing with 
two things. Similarly the number of ways of dealing with the 

n things is 2x2x2x .to n factors = 2*. But this includes 

the case when everything is rejected. 

Excluding this case, the total number of ways is 2"— 1. 

"C 1 +"C., + "C J +"C fl = 2"-l. 

Ex. 2. In the Intermediate Examination , a candidate has 
to pass in each of four subjects. In how mat / nays can he fail ? 

( P.U . 1949) 

The candidate can fail in one or more subjects. 
Therefore we have to find the total number of selections from 
lour subjects By the same reasoning as in th: last Article, 
the number of ways is 2*— 1 = 15. 

Ex. 3. Show that the total number of all possible selections 
of one or more questions from 8 given questions, each question 
having an alternative is 3 8 — 1. 


Sol. Each question can be dealt with in 3 ways, for it may 
be selected for answering or its alternative or it may not be 
answered. Since dealing with a question is associated with 

u- u g o W ‘ th any other ’ therefore, the total number of ways in 
which 8 questions can be dealt with is 3 9 . But this includes the 
case when none of the questions is answered. Exlcuding this 
case, the total number of ways is 3 8 —1. 


216. Problems on Permutations and Combinations. 


. x * I here are. 8 consonants and 6 vowels. IIow many 

UOr J 1°-'' can be formed if they are to contain 4 consonants 

an/ ,j rowels ? What will be the number of words formed if the 
inree vowels are to occupy even places only ? (/'.CM 


Sol. (i) 4 consonants can be selected out of 8 in 'C. ways. 
Corresponding to each of these there are «C 3 ways of selecting 
the vowels. Therefore the total number of selections is 8 C 4 x e C 3 . 
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Now each of these groups contains 7 letters, which can be 
arranged among themselves in J 7 ways. Hence the total 

number of words formed is 8 C 4 x a C 3 xj 7 =1400 | 7 . 

(ii) From (i) 4 consonants and 3 vowels can be selected in 
e C 4 x 8 G 3 = 1400 ways. Each of these selections contains 4 
consonants and 3 vowels The seven places for these letters can 
be exhibited as follows :— 

1 2 3 4 5 6 7 

XXX 


The three vowels can be a» ranged in the places marked 'X* 
in | 3 ways. For each of these ways there arc | 4 ways of 

arranging the consonants in the remaining 4 seats7~ So each 
selection can be arranged in | 3 4 ways. Thus the total 

number of words formed is | 3 • 4 x MOO. 

Ex. 5. /low many dijftrenl arrangements oj three letters 
chosen from the fire U tters oj J A M Ml' are possible ? 

(K.U. 1964) 

Sol. for getting selections of three letters out of these five 
letters, the different possibilities arc : — 


(n) All three letters are different. 

There arc 4 different letters J, A, M, U. Choosing 3 out 
° these we get as the number of ways of selections. 

(b) 1 .\o letters alike and the third different. 

l a* *n rC irC V'r * cltcrs M a »d the other three letters 
x’tw i a ' C dll ^V U - Corresponding to one way of choosing 
AIM, there are •C, ways of selecting , he third letter from the 

three remaining letters J. A, U. So the number of selections, 
in this case= 3. 

Each word in ( 0 can he arranged in 3 ways. So the 
number of pei mutations in this case is J Cj < 3 =24 

Each word in <fc) can be arranged in ways . So „ 1C 
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£ 

2 


=9. 


number of permutations in this case ' s3 * _ 

th e letters letters of the above word ana 

writei,as AAVSSSSIINNOT 

f« order ro selec, 4 .ccrs the ^owin^ares - P—^ 

... t u e two other different. 

(b) Two letters like J frol „ ,he four groups of 

A pair of like letters can be s pondin g to each ol 

... i’. I s and N s m 4 C, ways a in sc 2 ways, 

these^the other two fetters . f . UiX s Ca= 4 0 . 

Therefore total num thc fourth different. 

10 Three Otters like an^ of three like letters from 

Here we have to sele ^ ^ be done n 2 Gl ways 
♦He two groups A s and S these the fourth letter can be 

and eorrespondingyt 0 each^^ ^ number Q f ways in this case 

‘C.= ' 0 Two i ett ers alike of one kind and the other two 

letters of second kind. let ters out or the 

Here we have “^“VM'be done in -C 2 =6 ways. 

fW ,rS°tK" '"Tsekcdon'of S's in this case^ 

There is only one sue \ = i5 r 40 + 10rbb l — 72 s 

. total number of selectior^ arrange d in \ 4_ 'vays. So 

i«> ^MTpermum^ns in this case = 1 i\ 1 . - 360 . 

She total number P ^ So the 

^ch selection in tM can be arranged m | *_ - y 

1-1- x 40 = 480 

total number of ways in this case ( 
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Each selection in (c) can be arranged in —^— ways. So the 

I *5 


i±. . 


total number of permutations in this case = -^—X 10 = 40. 


Each selection in (d) can be arranged in 


ii 


1 . i* 


— ways. So- 


the total number of permutations in this case = x6 

= 36~ 


Each selection in (e) can be selected in 1 wav. So the 
number of \vays= 1. 

total number of permutations 

= 360-f-480-|-40-f 36-f 1 =917. 

Ex. 7. In how many way can 8 cricket balls and 5 enni* 
ball* be pit ced i in <i row (ii) in a ring ■ o that no two t nnU 
balls are together ? 

Sol. (i) Let us denote the cricket balls by C’s. Place the 
8 cricket balls in a row so that there is a gap between any two 
consecutive cricket balls. We can exhibit it as follows : 

xCxCxCxCxCxCxCxCx 

We can place the tennis balls in the places marked “x *’ and 
in this way no two tennis balls are together. There are 9 
spaces from which we can choose 5 for the tennis balls. Thi* 
can be done in -'0 5 = 126 ways. (Since the balls are alike, there¬ 
fore, the question of arranging them does not arise.) 

(ii) When the cricket balls are placed in a ring, there are 


8 spaces to be filled up by the 5 tennis 
balls. 


number of ways in this case is 
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fj^y/^iSXr'SssnSi s- •—•• ~ 

The p like things ran be disposed of in.' ) ,'Tthing^ 

tve can tike 0. 1,2. 3. ..... p■ of «»“«"• *“'' tar ? + *ft?."ays 

r things,.can be disposed oi in (/+ > which 

respectively. So the total numbei o " - j) 

, n lnw i \ ♦hin° , s can be disposed of «s l)> + ‘/4-»l 

\ P rZK. . .But this Includes the case when no,lung .. 

accepted. 

total number of selections is (p±\) (H+J [o make 

Cor The number of ways ;n winch .t .. P°»iWe to matt 

a selection by taking some or all out (y> 7 ' j things 

are alike of one kind, </ alike of a second k.nd and r thing 

different is (p-f 1) (7 + U * r ~ 

This may be proved independently and is left as an exerc.se 
for the student. 

Ex. 8. From .3 cocoanuts, 4 apples, ami 2 orange* horn many 

selections of fru't can be made when 

(i) cocoanuts are all alike ami similar in the case irith the 

other two varieties. . 

(U) fruits af the same varidy are alike and, at least, one 

eaeh kind is selected. 

(Hi) Fruits of the same variety are not alike and, a , on 

of each kind is selected. . 

Sol. (i) By the same reasoning as in the last . r 1 •< ‘ • 1 ' c 
number of ways is 

(3 + 1) (4 + 1) (2+D-l =59. 

(if) The 3 cocoanuts can be selected in 3 ways (either one or 

,wo or all the three of these may be selected) and " r f P“ ld 8 
each or these there are 4 ways of selecting apples 1 herctor 
the number of selections from the 3 cocoano s and l ag 
a y 4 when at least one of each kind is selected. Y 

the number of ways when a selection is made f ro ”\ cocoam 
4 apples, and 2 oranges will he 3 4.2 = -4 in dns 
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(it) In this case fruits are all different in one way or the 

other. The 3 rocoanuts can be selected in (2—1) way - 
Similarly the 4 apples and the 2 oranges can be selected m 
(2 4 -l) and (2 2 —1) ways respectively. So the total number o 
ways in this case is 2 3 — 1 )(2* - 1)(2 2 — 1 ) = 315. 

2 18 To find the number of ways in which (na-f <*) 
things can he divided into two groups containing m and 

n things. 

Every time we select a group of w things out of (w + n) 
things we leave behind a group of n things Thus the number 
of ways in which (w + w) things can be divided into two groups 
of and n things respectively is same as the number of ways in 
which we can select m or n things out of (m + w) things. 

required number of ways is 

l»n -f n 

™"r r ‘C', — 

|m_. 

219. To find the number of ways in which (m + n + p) 
thigs can be divided into three groups containing m. n. p 
things. 

l et us fust divide (i«4n-f p) things into two gioups contain- 
ing w and (n + p) things respectively. This can be done in 

I M -f n “1“ V 
- -ways. 

Now eac h group of (n-f p )things can he further sub-divided 
into two groups of n and p things in 

| n 4 /> 

ways. 

1 ! JL 

total number of ways of dividing (tn -f « t?) things into 


three grc ups of (/>'. (7'. (0 things is 


| "I 4- » -I p 
(n-f p 


I /// f n + p 
w n , p 


n I p 


X 
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. h.n all the groups contain equal 
Cor. Ifm = n=p, >.e. "hen ail tne b P 

number of things, then the number of ways is - y~ ' 

In this formula all the possible orders *« 
three groups of m things each Now we can arrange 

3m things into 3 sets of m things eacn._ bu jon , n ways . bo 

the 3 sets of m things each in an be d ; vidcd ilUO 3 sets 

the number of heed being paid to the order in which the 

of m things each (no heed oei b \ 

1 3m 

3 sets are placed) is -ry /| 

rn-n 20 different books be divided 

Ex. 9. In noj maw nay , can cnn they U made 

into four qroups oj o eacn . 

irUo parcels to be sent to four person . ArticIc th c number 

Sol. By the s-e r = g as^d.Cc^ bc divided mto 4 
of ways in which amci 

| 20 _ 

groups is y 5 _ y * 

In the second case we have to makeresponding to any mode 
5 books to be sent to four persons^ «-o P sels of booUs can be 

of subdivision the | 4^ orders in whicn ^0 

arranged are different. Hence the number of ways is y ^ 

Ex. 10. A gentleman “ d P ,Z‘remlining 9 * at another,^ 

«f nay, in -** 

arrange the guests. divided into two batches 

Sol. The party of 13 guests can be d.v. 

113 

of 8 and 5 guests in y 8 . 5 * 

" f t .„ se the group oi 8 guests can 

Correspond ing to each of these * an d the group ot 

be arranged at one round table in 
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5 in ways. Hence the total number of ways is 

j 13 J 13 


\}2 

8 5 


X|. 


4 _ 


8-5 
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EXERCISE 5 

1. Show that 0 1 C r _ 1 4- n ' 1 C r -f "C r _, ^="+'C r . 

2. In how many ways is it possible to draw a sum of money 
from a bag containing a sovereign, a half-sovereign, a crown, 
a florin, a shilling, a penny, and a farthing ? 

3. In how many ways can five things be divided among 
2 persons ? 

4. Out of six consonants and lour vowels, how many words 
each containing 3 consonants and 2 vowels can be formed ? 

( P.U . 1956 S) 

5. From 3 capitals, 5 consonants and 5 vowels, how many 
words can be formed, each containing 3 consonants and 2 
vowels, and beginning with a capital ? 


6 . Prove that the number ol ways in which p positive and 
n negative signs (p>/i) may lie placed in a row so that no two 
negative signs shall be together is 

7. Out ol 5 consonants and 3 vowels, how many words can 
be formed, each containing 3 consonants and 2 vowels, the 
vowels being placed in the odd places only ? 

8. In how many ways can 10 white balls and 7 black balls 
be placed (m in a row (ii) in a ring so that no two black balls 
are together? 


9. find the number of combinations and permutations of 
the letters ol the words 

(?) PROPORTION taken 4 at a time. 

(n) SUCCESS taken 3 at a time. 

'Hi) SERIES taken 3 at a time. 


10. How manv selections can be formed from 
n any number ol letters be taken ? 


a, a, a, b, c 
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11 How many selections can be made from 2 black balls 

and 3 red balls ? 0 

,2. An examination paper, which is dividedI m.r> 2 groups, 
consists of 3 and 4 questions respectively carries the note 

-It is no, necessary to answer all ,h e quest,ons^ One 

quesion, at least, should be answered fiom each g ? 

how many ways can an examinee sel q (fi.p. 1900) 

« !■ ri;nv*rf*nt wavs of dividing 

13. Find the number ol dillerent ua\s 

things into n equal groups. t . r inc j 

IS.« rstfKSjs 

they can be drafted into 3 different regiments live 

,6. Find the total number of selections that can be made 

•of the letters v > 

(t) “DADDY DID A DEADIA DEED 

(,i) “I SAW A SAW”. 

17 Out of a party of 4 ladies and 3 gentlemen one game ol 

id .r r ,r sra « 

iT'Lt: - ." ts? «V“ —- = “ 

round tables, n at each round table. , )Ic 

19. A telegraph has five arms and each arm .. capable 
of 4 distinct positions, including the position ^o r 

the total number of signals that can be mad . ^ 4 

20. In how many ways can a party gC ntle- 

gentlemen be arranged at a round table, the ladic 

-men being placed alternately ? 



CHAPTFR III 

BINOMIAL. THEOREM 

I—Binomial Theorem— Positive Integral Index 

3*1. Mathematical Induction. 

Certain mathematical formulas are proved by a speciar 
method known as Mathematical Induction. Without doing so- 
we feel difficulty in proving such formulae. We can apply 
it only when we are already in the know of the result of a. 
certain formula. Let us illustrate it as follows : 

Ex. 1. Prove that 


-si 

term. 


«-h(a + d) + (o-r2d)-f.to n terms 

= -^-[2a-Hn— \)d). 

When 72 = 1, then the above A.P. has only ore 
S|=a — *- [2a + (l-l)d]. 


So the result is true for n= 1.) 
Similarly S 2 = a-f («-f d) = 2a-f d 

= [2a + (2-l)d]. 


So the result is also true for n = 1. 

Let us suppose that the result is true for n, 

S„=-£- [2a + («—l)d]. 

Also S* + , = S„-|-T n+1 


= “ 2 ”^ 2a -f- (?i—l)d a-j-nd 
— "o" 2 rttt-f- (n 8 — n)d-\ 2a-\-2nd~^ 
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__ A_ j^2«(« -f- 1) 4- + 1 ) J 

. = . w +l£ 2a-ffn+T -1 )<* J 

This shows that if the ,esu ^ b f ^ tr ^f r 'soM^also true for 
n+I. But the th«remistruefoin-J. ^ that the 

*=2+1-3 etc Thus in th ) aU integral and positive 

theorem is true for « = 4, .. 

values of n. 

Ex. 2. Prove that 

"C 0 + "C 1 +"C.,+.+ c «~ 2 ' 

Sol. We have ic 0 -r 1 C 1 = 2 1 , 

the result is true for //= 1 • 

Again *C 0 + *C, t ’C 2 = 14-24-1-4 - - • 

... the result is also true for » —a. 

Let us suppose that the result .s true fo. n 

<e. »C 0 +-C, + "C S +. + ■ 

Now » + .C 0 +--C 1 + -C 2 + ...^..4 -C. + -' C "- 

= l+Vc 0 +’C,) + (*C. + *C,)+.+ +-C.). ■ 

= (1+ "C 0 ) + 2"C,+2-C, +.4- (-C. + 1 ) 

= 2[1 + "C 1 + "C 2 +.4-11 

— 9 r n C 4 -«C,+ w C.+.+ C n J — z c 

This shows that if the result is true for n *« “ for 

f vein,hisway 

that the 'result is true for all integral values of ». 

EXERCISE 6 

Prove with the help of' Induction'’ : 

o( l — P*) 

1. o+ar+ar* +.ton terms = 'jJZTrJ ' 
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2. 1+2+3+4+.to ,1 terms . 

2 

3. 12+22+3^+.to n tcmis = —l)(2w +1) # 

6 

4. l»+2»+3»+.to « terms = “*‘“-±.1!! . 

4 

5 _} . i i . n 

i o + 9 ^+«i +.to n terms—- T . 

—° n-f-1 

int^al^rS'f - 1 " dlViSib ' C by <"- 1) for •“’««“« 

7. Prove that 
•l' 1 

(«»)="C 0 «v„ + »c, « 1 v„_,+ "C 2 m. v„_ 2 

-L + n C ?/ V 

where u, V are functions of.r. 

nectcd widi* noskive nr An c *P rcs . sion . involving two terms con- 
nn positive or negative sign is called a binomial. 

factors each being equaTto ^ ^hct /^equal 

a P^t ive S S:”;rin d ”t Pr00f ° f Bi “° mial Th —” *-■ 

IJ n. be a positive integer, to prove that 

{X + fl) " = nG <p-’‘ + "C ,*"->« +"C 2 .f-W+.+ "CyX" ' r a r+. 

-4- n C (i M . 

Proof. We know that 
(r+«)i = . r + a= , Cor + , c ^ ; 

!' C ! S m +2Xa+ “- ,C »^+ SC .-+ J C 2 „=; 

, + n)3 =,3 + 3,t a + 2ra t + Q3=3C ^ +3C — +SCra!+SCa03 

pa r tt:,a^Cro7n=r ( tv," PanSi0n ° f (*+«)’» — fora 
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. (.r (-a) m = m C 0 .r"* -f C, i m -'a -f C.x 2 -f-.-f C m a 

Multiplying both sides, by we have 

(x -f- a /'•+ 1 = m C 0 x m (x + a) +■ f "C, x m ~ 1 n(x-\- u) 

+ ,,, C ;J .r''*- 2 rt 2 (.T4-«)4-. + n, C m a M {x + a) 

= tn C 0 T m + 1 4 - rC 0 +" , C I U-" , « 4- (”’C, 4 - n, c.,V;- 

4 -. 4 '" C w fl '" +1 

Now we know that 

n C / ._ 1 4-’ , C r = n+l C, 

Putting n = vi, r = 1 etc. 

we have 

m C 0 4-"'Cj = n, - f ’C, ; "'Cj4- m C 2 = •"+' C 2 ; etc. 

Also "•C o ="‘- tl C 0 =l ; '"C,,, = f,,+, C lllM = 1. 

So (a--l-ti)"*-' 1 = ,,, ^ 1 C 0 r , ' ,+, 4- m+1 C,ar’"«4 ’" 4 , C.,.r r " _, a- 

4-.4 

This expansion is of the same form as that of (*4 </)'" except 
that m is replaced bytf/H-1). So il the theorem is true lor 
n — m it is also true for n=m+\. But the theorem is true for 
n = 3; so it must be true for n =3 4-1 i.e. 4. Again the theorem is 
true for n. = 4 ; so it must be true for 71=44-1 i.e. 5, and so on- 
Thus the theorem is true for all positive integral values 
of n. 

3 23. Characteristics of Binomial Expansion. 

(t) The expansion of (*4-«) n contains (n-fl) terms, the 
first being x u and the last a". 

(u) The power of x goes on decreasing by one and the 
power of goes on increasing by one. 

(tii) The coefficients of the first, second.. («4-l)th 

terms arc n C (l . "C,...., "C,, where the suffixes form an A.I*, with 
first term as ‘O' and common difference as *T and the munbc! 
of terms is ‘n’. 

- 324. Sora? Particular Expansions : — 

(«) (x—a) n = n C„z r ' — "CjX—Vi +*C i x n - s a- 

- .4-(— IT "C„a". 
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(i b ) (l -j-a')" = n C 0 l n -}- T, G, . • \ n -*x* 

4-. + -C&' 

=’*C 0 4- "CiX 4- "Cj-t 2 4-... 4- "Gw*". 

(c) <l-x)" = "C 0 . l n — ’'Cj . l-»x+"C, • 1-V 

4-.+ (-l) n • "C n x" 

= '*C 0 -"C 1 a:4- , *C 3 x 2 

—.4-(—M" * "Gf» • *"• 

3-25. General term of the Binomial Expansion. 

We know that 

lx 4-a)" = "C 0 x’* 4- f, C 1 x”~ 1 a +’‘C^-’a 2 

4-.4-"C„a- 

Here T t ='"CV" = "C^x'-W 

T 2 = n C 1 x’- 1 a 1 
T 3 = n C 2 x , *- 2 a a 
T 4 = n GjX n - 3 a 3 . 


T r+1 = T, C f x’*- r « r . 

T r+l th term is called the general term of the expansion. 

3-26. Compact form of the Binomial Expansion. 

We know that 

(x4-«)"=' , C 0 jr’'4- n C,z’* -1 a 1 4- n C a x'*' 2 rt 2 

4-.4- '•C 9 x u - r a r 4- • • - 4- ’*C n a". 

This expansion can be written as 

(j+n)"»S ["C,x’-M r ]. 

r=0 

3 27. Middle Term or Terms. 

(a) I.cl the index ‘n be even. The number of terms is 
( 7 i } 1). Let the j>th term be the middle term. Therefore the 
number of terms on either side of this middle term is (p— 1). 
So the total number of the terms of the expansion is 

(i>-l)4-(l) + (j>-M a ®»+ 1 (g iv en) 
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n 


/>=- 2+ 1 

Hence T (w/2+1) is the middle term if » is even. 

(M Let the index •»* be odd. The number of terms ol the 
-expansion is (n+1) which is even. Therefore there are two 
middle terms. Let these be/ith and (/>+U th term . s> So the 
.number of terms on either side of these middle terms is (y> ). 

(/>-l)+2 + (/>-l) = n-bl 


• • 


or 


n 1 _n +1 

p= T + 2 2~ 


Hence the two middle terms are 
•n— 1 ' • — ' n + l 


T(’-i=± + l ) and T(2±i-+1 ) itnU 
Ex. 1. Expand fx 2 —— ) 

soi. ) 

+ ~ )* + 5 C a (x 2 ) 2 (~4-) 

(--g-) ,+ ‘ Cs C _ I ) 


odd. 


1 


= x lfl + 5 . x 8 . - — + 


i 


r 5 . *- • X x 


5 . 4 
1 . 2 

1 


1 x 4 . — J 

jc* ^ 1 . 2 x 3 


=X )0 -5z t 4- 10r 4 — 10x4 


5 _ 1 

x 11 X 5 

2. Fin/d the Slh term of 
Sol. We know that 

T f , 1 = "C f x n - , «' 
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Replacing r by 7, x by 3a-, '*a” by "b ” and n by 10^ 
we get — 

T 8 = 10 C 7 (3a 2 ) 10-7 (6/ 

10.9.8 

=i.o' 27aW 

= 32*k*a 6 fc 7 . 

Ex. 3. Find the term independent of x in 

(- y 

Sol. VVe know that T r+I = "C r x n ~ r a r . 

Replacing n by 3a, and a by-, wc get 

•t 


3a 


T, +1 = 3'C r (-!)'(+ -* y 


= 3,, C r * an " 3r (— l) 4 ' ...(l* 

Mere for absolute term, power of a; must be equal to zero. 

3 n — 3r=0 or r=n 

Substituting r=n in (1) we have 


n-t-i 


= a "C„ (-!)» 


The term independent of x is 

3 " c » (-1)'=! "“b.x'-U-. 

.3 N n 


. 4. Find the two middle terms of 

t )' 


( D. U. ISoiy 


terms : 


s °l. Here the index 9 is „M ; therefore, there are 2 midd 

y +1 


le 


th 


and (-rj- + 1 ) th /.e. 5th and 6th. 


T r+1 = n C. x’ 1 -’- n r 


Now 
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T 5 =T 4M =»C t (3a)-‘ (--£) 


9.8 7.6 „ 6 Q a 1 - 126.3 :> .a 17 

= 1.2. 3 . 4 ^ a * b* “ *>* 


and T 0 =T 6 , 1 - 9 C 5 (3a)*-» (—£) # 


9^8.7.6 4 4 -a« 
s 1.2'.3.4 ,a ‘ 6° 


126 3 
6* 


EXERCISE 7 


Expand the following :— 

*• ( ^ )* 

3. (v'* + A/ 2 /)' l + (v'a?— v/!/) 4 - 

Evaluate : 

5. (998)* 

Find the coefficient ol 


2. (.t f-2//) 6 
4. (1-f.r-x 2 )'. 

6. (101A 


/ 2 \ 6 
7. x‘° in( x 3 — —J 


/ 1 V° 

8. a* in ( * 2 +“). 


(if. f r .) 


(AM'.) 


9. x 3 in (**+*+ 1 ) 6 . 

10. Find n so that in the expansion of (I+.r) 3 the coefficients 

of the 7th and the 13th terms are equal. (A.t • > 

11 Find the term containing x- in the expansion of 

/ o 1 V 
( * + * ) 

12. Show that the coelhcient of *" in (l-NT « < lu ‘' bl = tlian lhc 

coefficient of x n in (1 +x) 2, ‘ ,l . ^ # 

13. Find the rth tcim independent ol x in (* 4 — , 2 ). 

14. Find the rth term from the end in (2a-36) 10 . 

15. Find the rth term horn the end in ( x+ — ) , 
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10. Find the middle term in ( x J + and the middle 


terms 


in( 


2x 


X 


)\ 


17. Show that the coefficient of the middle term in (1-fx)*" is 
equal to the sum of the coefficients ot the two middle terms 

m (1 +X) 2 *- 1 . 

18. Show that the coefficient of the middle term in the expan¬ 


sion of (1 -|-.r)" when ?i is even is 


1.3.5.. . 1) 2 «/2 

n 
2 


and when n i< odd the coefficient of the 2 middle terms is 

1 3.5. n ii _ i 

ii -t- l ~ ) 


19 


b/ 


if TV Tj». of certain expansion be 10, 40, 80 find the 
expansion. 

20. The three successive coefficients in a certain Binomial 
Expansion arc 45, 120, 210 : find n. 

21. Show that the integral part of (3 -»-\/7)" is always odd. 

22 If P and Q, be the sums of odd and even terms of (x-f-o)* 
respectively ‘how that 

(i) (r + ft; ; '’-(.r-n) , » = 4PO 

(*‘b (x' -<rT* = I*- —Q- 

(tn) (r f«) n + f.c- «, 2 " = 2iP-’-i Q*). 

3 3. Properties of Binomial coefficient 

We know that 

(I -f •*■)” = '*C 0 -f' C,* ' C 2 .e 2 4- . + 

Here the coefficients of the terms are 
-c,. 'C„ »C,. "C,.. c „. 

hese arc called btnomtal coefjlciey.ts, and arc also denoted 


c< ' c,> C *' . C “ or b >' »C„, ,.C„ „g. ._c_ 






binomial theorem 

PROPERTY I -—The coefficients of term* '** 

beginning and the end in the expansion of (1 +*> are equ 

We know that T r+1 in (1 -r*)" * s » Crxr 

^Bsfases&ssss^ 

Now T fl _ r M = "C fl _ r !-(-') • *- r -- c -r *■ r _ 

Here the coefficient is ''C n _ r , and we know t beginning 

Hence the coefficients of terms equidistant from the oeg 

and end are equal. . . 

PROPERTY II —The sum of all the Binomial Coeflicien s 

2» % i.e. ''C Q -\- n C l + ’'C t + .+"C n = 2 "* 

We know that ( 1 +*)—Q # X-C 1 * + -C^ > + + 

Putting x = l, we get : 

2'*«»Co+'*C 1 + ''C 2 4-." c "* 

PROPERTY IlI.-TAe earn of the coefficients of ^ odd ter™ 
equated sum of the coefficients of the even terms m (1 +*) 
each is equal to 2 n ~ l . 

We have (1 + z)"="C 0 + "C 1 *+"C 2 x 3 + +”C„x». 

Putting x= — 1 here we get : — 

O="C 0 — n C,+ n C 2 —. — n C n 

But 2 n = n C 0 -f n C,+"Qj+ .+" c « 

Adding these we get :— 

2"=2[ n C 0 + n C 2 4-.+ nC n-il 

Or ”C 0 4- n C 2 4-.+"C fl . I =2 n ' 1 - 

Similarly by subtraction, we get : 

”C 1 -i- ,, C3 +.+"C f ,=2"- 1 

Thus "C,+"C 3 +."C„="C„ + "C 2 +.+" C »- 

= 2 "- 1 , 

Cor. n C 0 —.+ (-!)» "C B =0. 
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PROPERTY IV .—The sum of the squares of Eir e rural 

I 2» 

Co-efficients in (1-f x) n is ^ . 

Here vve have to prove that 

i 2 n . 

("Co)* + ("C,)* -b("C 2 ) 2 +.+ ("C,)*- 

Consider 

(l + u;)"=”C 0 -h'C 1 x-|- , 'CoX 2 +.+ n C„s" 

Also (x+ l) n ="C 0 T , *-b"C 1 x n ' 1 + n C 2 x n_2 4-.-f-"C n ...(2) 

Multiplying (1) and (2), we get : — 

(1 + *)*»=("C 0 +"Cjx +- "C 2 x 2 4-. + n C n x) 

("C„ . z"+"C 1 x"- 1 -f-"C 2 z"- 2 4-.+ "C n ) ...(3) 

Equating coefficients of .r" from both sides of (3) 

VVe have 

2 "C n =rc 0 ) 2 -h( n c 1 ) 2 +("C 2 ) 2 +.+rc n ) 2 

I 2n 

or rc 0 ) 2 +( n c,)*+1-0*)*+.+( n c 0 ) s =•~^ r 

Ex. 1. Evaluate 

-£? 4--Si 4. -l . -a C ".. . 

1 2 ^ 3 + + n-f-1 

Sol. We can write the above series as 

"C 0 "C, "C, , "C, 

1 + 2 ‘ 3 ^ . + » T 1 

. 1 + JL J . n( “r=li+ + JL 

_ 1 f »+I, (»+_!)» , (»--l)»(w —1) , . “I 

n+1L LL + |_2_ ~ ]~3-* r — ‘ 1 J 

= n’ 1 [~ , C.+** , C 1 +*- , C,+.+"«C„„,] 
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= J__ (" n+l Co -T- n+, C 1 -i-* +, C J + - +" ,,C "«' 

« + lL 

_ 1 r 2 --i T 

n +■ 1L -* 

Alternative method : 

We know that 

(1 + *)" = c 0 + C,x + C„x*+.+ c - x "- 

Integrating term by term we have 

2 Q v3 G„X'* _ . J, 

(i±fT^ = C 0 x + C 1 -^--t-^+ .+ n-M 

n 4-1 


71 l 


I where K is a constant of integration) 

„o a a. .w. - “> 

„ <v;» 

(l-h-r) n+1 __ -J--=C 0 r-hC, . -o-+ C 2 T ' . '*+ l 

n +1 


n -h 1 


C.x"‘ 
+ 'n+l 


Putting x— 1 here we get 


2 n+1 — 1 
h-a-T" 


C. .C, 


=c 0 +^- + 


c, 

+ n+1 


E*. 2. Prove that 

c 0 —2C. + 3C.-4C3+. +(—« 

Sol. The given series is „ „ c „ 

"Co—2 "Ci + 3 "C 2 4 C a 4~** 4-1 n .„ cl 

0 _t»c.-"C 1 + "C,-”C 1 +.+ (-'» „ r 

~~ -p[0 —"C|+2 n C 2 — 3 "C, +.+(-»• G 

But the series 

.+(-n n ,,c " =0 
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the above series can be written as 
— ["Cj—2 n Co+3 "C 3 —.— (— l) n n . r C n ] 

r 2n(?i—1) 3n(?i—l)(n—2) 

= -L 71 jjT“ + j 3 _ 

-.-(-i)" ■»] 

— m L l "lT7+—IX.. + FXJ 

Or the given series is 

— n - , C 1 -b n - , C a —.+ (-l) n - 1 . 

= —7i x0~0. 

Ex. 3. Prove that 

C, 2Co 3C 3 , "C n __ n(n+l) 

"*■ c7 + ~C7. c n . x ~~ 2 

Sol. The given series is 

n , 0 n(n — 1) , 37t(7t— — 2) 

1 |2 + 

1 .-— —- - | ••••»• , 

n 71 ( 71 — 1) n 

| 2 _ 

= (»)+<»- 1 ) + (»- 2 )+.+ ( 1 ) 

This is an A.P. and its sum to n terms is 

^\_ 2 .7l + 7i(71- 1)(— 1)^J 

= f[ 2 n-n+iy«*+H. 

4. Shotv that 

C 0 C r +C 1 C r+I -fC 2 C r+2 -t-.+ C ll _ r C„ 

1 271. 

n — r ! n — r 
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SoL Consider the expansion 

(1 _{_ a; )« = "C 0 -f "C,x + , ’C 2 x , +."C^ + "Cr+ i x ' +1 

-f "C f+ 2 x f+ H.+"C n x" 

Also we have 

(a;_p l)n == «C 0 x n + n C 1 x n - 1 +"C>x n - 2 -f.+ f, C I x n - r 

-+-"C r+x ^- r - 1 + "C r+2 X"- 2 +......+ n Cn -(**) 

on multiplying the corresponding sides of (i) ai d (ti) '' e o serve 

that 

C 0 C r +C 1 C r+1 +C 2 C, +2 -f.+ c --rC» 

is the coefficient of x"- r in the expansion of ( H-Jc) 2n . But R+i 
of (1-fx) 2 " is 2n CR xR, i.e. coefficient ol x is -• 

So the coefficient of x n " r = 2 "C a _ r . 

C t ,C r +C 1 C, tl + C,C r< .,.+ c„_ r c„ 

I 2 n 

- 2n C n - r = 


71 —r i?i-+-r 


itive. T^+. and I r o^ 


3*4. Greatest term in (x + a )"- 

Let us suppose here that x and a are positive. l^na_ 
the expansion of (x + a)" are "C, x"' r « r and C r _ x x 
respectively. 


r+l 


"C r 
T r -«C rI 


a 


X 


n 


— X 

n — r 


7i —r-f-1 o 

-V— x i*r 


-1 I n—r+1 


a 


n 


»-r+l ..a „ T _r*±l_ 1 l x i- X T 1 
or T r+1 = --- X a; X r L r J x 

As r increases becomes smaller and smaller till 


n —r + 1 

7- * * 


becomes less than or equal to unity and in this case 
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T r+i<T r . Also if ——X-—>1 then T r+1 

r x 

Now in the latter case an-ar-\ a'^rx 
or a(ii+\)^r(x + a). 

a( n- f-1 ) 


or 


r?cz 


(x+a) 


(i \ If a ( ^4" 1 ) , 

' 0 r 1J+5j - =/)(an integer), 
then r^-p. 

Ur= P thenT rll = T r or Tp +1 =T. P1 =T r 
and if r<p then 

r can have values as 

1 > 2, 3 # ., p— 1 

and T r < T,,, 

T, < T 2 ; T 2 < T, ; Tp< T 4 ; 

or T, < T 2 < T 3 * < T. <T’ .<T p _j < T p . 

, hp ; S ° ‘ n , this cas f t p has the largest value. But T PM = T P , so 
there are two equal and largest terms T p and T p+1 . 

(it) If — H r D =<y i h f where q is a positive integer and “I 
(x-f-n-) [_ /i is a proper fraction. I 

and then q\-h. 

Now + h ( r being «m integer). 

•** r<q + h. 

or can have values as 

2. 3, ., q . 

So T r <T r+1 gives 

Ti < T 2 < T 3 <. 

■*. T<, + , is the largest term. 

n„™ NOte '„ 1 fx and a are not both positive then we can fin 
numerically largest terms ,n the expansion (a:-fa)" in the same 


T„ < T 
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X — 


and 


.5. Find the largest tam in the expansion (2+3.r)‘ when 


Sol. 

Here 

T r+1 = 7 C r 2 7_r (3x) r 

i 


T,= 7 C r _, 

2 9 -^3x) 

If 


Th-i^T, 

then 


7 C r 

2 7_r (3x)' ^ 7 C r ., 2 8 r 


1 

7 r — 

1 |8 —r 

or 

\JL 

7 —r x 

7 

or 

8 — r 3x 

r X 2 
24 — 3/- 

4r 

1 


•or 



or 


24^7r 

or 


r-1 




r< 3?. 

admissible value of r is 3. 

So T 4 is the largest term. 

This T 4 = 7C 3 (2) 7-3 (3*) a 

= 35xl6x27xS = "0x27 

= 1890. 

Ex. 6. Find numerically the largest terms in the expansion of 
{\—x) 8 when x=\. 

T r+1 8 C r \*- r (-xV 


Sol. 

Here 

T r +i 

OI 

T r 


- 8 C r _ 1 1“ r ( — x) r ~ l 
8 I r— 1 | 9 — r 

r 8 — r 
9 — r 


I 8 

=(^X-*)=- 9 -ir r 

0 _ Y 

numerical value of is 


(-*> 


Here 


9 — r 
2 r 


^1 


T, *■* 2r * 
or 9^3r or 


r<3. 
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or T 3 and T 4 are numerically largest terms. 

8 7 1 

Now T 9 =*C 2 (—x)*=j 2 ~X^ = 7 

8.7.6 1 7 

Also T 4 = 8 C 3 (—*) 3 =-p 3 “ X—8- = - 7 * 

3*5. Greatest Coefficient in (1 + x)". 

The coefficients in this expansion are "Q,, "C*, "Cg, 
Also coefficients of T rfl and T r are n C r and n C r _ 1 . 

Now "C r should be 


or 

or 

or 





j r— 1 j n—r+1 
I n 


n-r-f-1 


> 1 . 



or 




If )i be odd, say, n=2m -}- 1 whence m 


n — 1 
2 


r ^ 


2m+l + i 


or f^m+1 

• . i »— 1 

t.e., r — m, m + 1 =—— 

.*. largest coefficients are 

"Cl no 

^n-i » '-'n+i 


»+i 

2 


(These two have equal values). 


If n be even, say, n=2m whence 


2 





2 
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r <*» + -£- or r = m = 

«C„ is the largest coefficient. 


So 


Ex. 7. Find the condition that the greatest term .» 0+*> 
may have greatest coefficient. . 

Sol. We know that the greatest coeffic.ent of (1 4- *> 
2 "C r where r=n [*•* index is even]. 

Now T f+1 > T, gives 

2"C r x*> 2n C r -, x r - 1 

19 n I r— 1 I 2n —» -+-! __ , 


r I 'In — r 


2 n 


X x> l 


But 


x > 


2n — r-+-1 


r — n, so 


Also 


^ n+1 

T r+1 can he greater than T r *> also 


■C r x r > 2 "C fM x 


x" > 2 "C 


r+l 


.no 1 


n + 1 


.r < 


2» 


_!! c - 

j n + l 1 n—1 


x< i » |» x " ! 2n 


71 1- 1 




r> 


71 - 4 - 1 


and 


« t * 


a: lies between 


and 


w4- 1 
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EXERCISE 8 

Evaluate :— 

I* C 0 -J-3C 1 -f9C a -l-27C 3 -}-.+ 3 n C n . 

20 C,-f 2 °C 3 -f 20 C 5 +.-M°C )9 and 

20 C 0 -f- 20 C 2 -r 20 C 4 +.+ 20 C 20 . 

3* C 0 + 2C,-f 4 Co 4-8C 3 -|-.+2 W C n . 

4. C| -j- 2Cj -f- 3C 2 4“. -\-n C„. 

C 0 -j-2C|-r3C2-f-.1) 

c 0 -% + S_. +( _ 1 } „._a. 

7. 0,-20.4-303-. -f-( — 1) M_ * . C n . ii. 

« Pi C 2i C 3 , (-1V-»C„ 

2-^+^T- .+-n+1- 

9. 3C,-f-7C 2 -f 1 lC s -f.to n terms. 

10. G,-f-3C 3 -f 5C s -f-.+ nC„[it is odd]. 

11. P*._ C ?_ i (—1)"C„ 

1.2 2.3 '3.4 . + (n-fl)(n+2j * 

12 - C 0 '*-fC,'‘-fC,^>+C 3 ^ a -fC 4 ^-f. to (n-fl) 

■terms. v 

13. C 0 C 3 -4-CiC.,-}-CoC 5 -f.-fC 3 C-. 

\\ ^ c ”p?t c A G -+ c « cj+: 3 ...;c fl a c, 

15. C 0 --C, 2 +C 3 2 -C 3 2 +. 4(-l)” C” 2 . 

16. Find the greatest term in 

(i) (2-J-3x) 5 when x = |. 

(ii) (.r-j-?/) 12 when i=2 and?/=l. 

17. If n be an even integer, find the condition that the 
gieatest term in (l-f-x)'* may have greatest coefficient. 

18. Prove that if x lies between —and the grcat- 

est term in the expansion of (1+*)*»+» has the greatest coefficient. 

, * ind numei 'ically the greatest term in the expansion of 

wTJ.r)" when x=\. 



















CHAPTER IV 

BINOMIAL THEOREM 

Theorem — Any Index 


II —_ 

41. Statement of Binomial Theorem for a negativ 
or fractional (real) index. 

We know already that 

(l 4 -a-)"=»‘C 0 -f »C 1 a?-f- M C s ** +.4-"C r r r +.+ 

, , , n{n — 1) 2 , j »( n—l) ...(n-r+ 1) 

= 1 + nx -f- - j-g-* +. + I r 

H-.4-x". 

When n is not a positive integer, then "C 0 , "C,, "C.,, . 

liave no meaning. In such a case we can write 


, nin — 1) o 

(1 14-~— x 2 + 


7i (n — 1 )... (// — '*4- l ) 


i — 


X’ 


to C~ 


with some conditions 

(a) T r+ , of this expansion is 

n{n— 1 )(n - 2b. ^.(w— r-M) 

121 

( b) If the series is to stop then T r+I = 0 for some value oi r. 

This is possible when n-r 4-1=0 r =11 + 1. As r is u 

positive integer, r^n+L So T rM cannot vanish. I herelore, 

the series never stops. 

(c) The numerical value of a* should be less than one, 
otherwise the expansion is not valid. Or .r< 1 when r is posi¬ 
tive and —x< 1 when x is negative. 

So — 1 < x < 1 . 

We can also write the numerical value of x as 

| x |. So | x | < 1. 


01 
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The proof of this theorem is beyond the scope of present 
work. 

4*11. The following expansions are important. 

(— n)l—n — 1) 

(i) (1-}-*)-”= 1 — nz-f-- x2 

(— n){ — n— n-r-4-1) „ r , *_ 

.... -t--i-a; r -+-...to co 

r 


+ 


= \-nx-\- —T 


n(n-M) 


O 

iJ:.. 


X 


2 _ 


, ( — l) r n(n-pl)...(n+r— 1) 

+-T7 * 


+ 


to 


( —n)(—n —1) 

{b) (1— aO”"—l+waj-f- - |9 (— *) 2 


(_ n )(_ w _l).1) 

+.+-TT- -(-*) r 


n(n-f 1) 

= 1 -f- nx -f- , 2 x ~ "h.4~ 


-f*.to 

n(n-|-l)...(n+r—1) 


X' 


+ 


to CO. 


(c) (1 +.r)"■= 1 — nz-f- 


n(n— 1) 


.2 _ 


-f 


n(n — l).(»— r- f-1) 


(—• c ) r 4- 


Ex. 1. Expand (4 —z 2 ) 3/2 in ascending powers of x upto 
Ur ms. Find also the values of x for which the expansion 
valid. 

Sol. Now (4-x 2 ) 3 ' 2 =£ 4( l-^)J /2 =8 ( 1— 

This expansion is valid when 


-1 




<1 


5* 6o 
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or 

or 

%.e. 


x * <4 or (x-2)(*4-2)«> 

x <2 and x >—2. 
x lies between —2 and 2. 

.2 v 3/2 


Again 




(- 4 )’+.] 


= 8 04(-4>-Tr^ 4 

= 6-3x° + ^r- . 

. 2. Expand V 9 + 4i »ptx, first three terms according « 
® o/- | x J >$. 

4x \i 


Sol. \/9-i-4x = l9 + 4.r) i = 3 ( H" 9 ) 


Here 


4x 


1 


or 


1 * I 


9 

4 * 


The expansion is 

1 Ax i-1) + .1 

• -9- - 2 * 01 ^ J 


o* 


2x _2xJ 

3 + 3 'll 


(This is the expansion m 
ascending powers of x). 


.Again 


V / 9-4x = ( ^/ 4x( 1+,|) 


Here 


4x 

the expansion is 

2v/x£ 1+*^ ’ 


< 1 or I x !> 


9 i(l-l) 01 
+ 12 ’ 16x a 


+ 


4x 


] 
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in 


81 


=2\/x-{- — f& X y/x 


+ 


descending powers of x. 

Ex. 3. Find the first negative term in the expansion of 
Sol. Let us find the general or T^j of this expansion^ 

V(V-D(V-2).(V-r+1) /3r V 

- -I r ' V 2 / 


Here T r+ , 


(11)(8)(5).(14 —3r) 

2'. I r 


. x r 


T f+X is negative if 14—3r < 0 
or **>45 

least value of r= 5 

(11)(8)(5)(2)( — 1) ^ 

2 5 1 5 _ 

11 x8x5x —2 


So 


T„= 


X A- 


= 32 X 5 x 4 x 3 x 2 x 1 

l lx 8 
= — 48 ‘ 

4. Show that T r+l in the expansion of 

2.r \-* . ! 2r 


(•-t) 




6 r ( | r 9 )* 

Sol. T r+1 of this expansion is 

_(- lH-i-l)(-4-2).. li: 

— _ t 

r 


. x r . 


(-i-r4-n 


r4-ll / 2r 
V 3 


(_H -3)1 — 5).(— 2/*-f-1) . f-2x 

2 r ’ /’ X 3 r 
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( 1)(3)(5).(2/--1) 

2 r 


x 


(2ar 

3 r 


1.3.5.(2r— 1) 

I r 



or 


T^ x = 


1.2.3.4^.. . ..(2r— 1 )(?r) 
(2.4.6.2r) (I' 


x 




|_2^ _ x r 

= T>_ (2.1 K272)(273).::..T(2.0 x ~y ' 

I 2r r r 

== TE7 5r rr x 3r 

j 2r 

"djr. 6' ,afr - 

Ex. 5. Find the coefficient of x i0 in the e.cpansion of 

l+3x -f-6r 2 +10.i' 3 +■.to »)!'*. 

Sol. Let S-= 1 4 -3a; 4"6.r 2 -f 10.-r 3 4-.to ©c 

S.t^ar-l-S.x^ + Sx 3 +.to 00 


Subtracting these we get : 

S(l—a, = 14-2^ + 32:* + 4a- 3 4-. 

Again Sa;( 1 — a;) = a: 4* 2a; 2 4- 3a: 3 4* 

Subtracting these again we have : 

S(1 — ar)[l — x]— 1 4-a: + a: e 4-.to co 

S(1 _*)»— -,i— 



l 

— a:) 3 ' 


Original expansion is 




= (l-x)" 2 . 


tO oo 
tO c-o 
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Here T r+i 

To get x 10 put r = 


Tji- 


( - 2) ( —3)1—4)— ^— x) r 

IJL 

10 on both sides 

t-2)(— 3) ( — 4).( — 11) /^yo 

10 


=1. 


= llx 10 . 

Or the coefficient of x 10 is 11. 

6. Find tte greatest term in magnitude m (1 


2x) 


-t 


Sol. Let T r+1 ^ T r 

(_7^_RU--91. (-7-r-hU ( _ 2x) r 


• • 


{_- 7)(-8)(-9)......(-7— 1+gj . (_2x)'-» 


7 8.9.. 

or 

•- (r46) ( 2 c) r >- 
1 r 

or 

r + 6 x 2x 5=1 

r 

or 

2 > 1 
5 r 

or 

12 >3r 

or 

r <4 


r-_l 

7.8. 9. tf 4-5) 

1 r-1 


(2x) 


r-1 


T r> arc greatest terms 

{ — 7)( — 8)( — 9) ' 2 '* 


• T 

• • 1 4 

Now T 4 *—— . ^ 

7x8v9xfi r,72 


(- H 


Also Tt = 


G * 125 

( — 7)( — 8)(- 
I 4 


12D 

9)(- 10) 


(-;) 
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7x8x9x 10x16 672 


24x625 125 

. 7. Find the coefficient of x 2/,+1 in the expansion of 

x-f-1 

(x — l)(l-h* 1 ) 

X _L_ 1 

Sol. Let us resolve ( r _ t )(1 + ~ 2 ) into partial fractions. 

xH-l _ A Bx-f-C 


Let 


(X-l)(l+X 2 ) 


X — 1 


1 -Kr ? 


.-. A(l+x a )4-(Bx+C)(x-l) = x+l. 

Putting 2=1 on both sides vve have : — 

2A = 2 or A=1 

Equating the coefficients of x 2 and constant terms on the 
both sides of the above relation we have 

A + B = 0 and A —C= 1. 

From these B = — 1 and C — 0. 

. __*±!_ = _ 

(x— l)(l-4x a ) x —1 


1 + - 


1+2* 

= —(1 —x)” 1 —x(l 4-x*)” 1 . ...(1) 

T r+1 of ( 1 - *)-» «= j - f t 1 L ( - a .)r 


(-l) r x r \_r ( 1 ) r =;rr> 


IJL 

For getting the term involving x 2n_fl put r=2n-\-l, 
.*. Coefficient of x 2n+1 is 1. 

T r +i of x( 1 +X 2 )" 1 is 

(— 1)( —2)...(— 1 — r-4l ) 

i y ' ' 


li- X 


2r+l 


( — 1 ) r 


6b 
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For getting the term involving x 2n+1 put r=n. 

coefficient of x 2n+1 is ( — l) n . 

Hence the coefficient of a ' 2n+1 in (l) is 

_1 


EXERCISE 9 


Expand 


1 . (1 -fa ) 11 to first 3 terms when I x j < 1 . 

2 . (aj-i-a )- 1 when x>a ; x<a where x and a are positive. 

3. (l+*+x 2 )‘. 

4 (8 — 3*)^ . Also find the limits of .r for which the 

expansion is valid. 


5. Find the first negative term in the expansion of (2-f-x) 

6 . Show that 

0+*) = 2n L l-n (l+*) + | 2 _ (r+r) 


XX. 

s 


] 


7 . Obtain in ascending powers of .r to three terms the 
binomial expansion of 

1 


8 . Expand (l—+) b}to 

When is the expansion valid ? 
pansion when .r = 4* 2 . 


a series by Binomial Theorem. 
Check the validity of the ex- 

[K.V. 1951 1 


9 . Find T r+1 in the expansion of (1—2.r) ^ . 

10. Expand (3 + 4 + 6 + 84-.to x terms ) 2 and find the 

coefficient of x n . 
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11 . Find the coefficient of x l in (1 — '2x -|-4x 2 ) 
is the expansion valid ? 

12. Find the coefficient of x n in 


—2 


and when 


(«) (l+-|r + 4 _ + 


tO oo) 


(M 


(l+x)» 

(l - 0 3 * 


13. Find the greatest term in (1 -I- x) 2 when x— \ and 

numerically greatest term in (1 — x) 2 when x— $. 

14. Find the coefficient of x r in 

(a) (1+2+4 + 6-h.to x terms)" 1 

{b) (1—. ad inf.). 


(c) 


<l-x)(3— x) 


[ K V. 1950] 


- « 

15. Find the sixth term of (1 — 3x) . 

10. Find the first negative term in 

(2 4-4x)5 

17. Find the (r+l)th term of (l-3x) _i in the simplest 
form. 

18. Find the coefficient of x n in 

1 -f x + x 2 
;i—x ) 3 * 

4-2. Application of Binomial Theorem to Approxi 
. * 


We know that 


n[n — 1) 2 


{\+x)"=\+nx+ -j 2 -* + 


to co. 
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If x be so small that its squares and higher powers can 
neglected then 

( 1 -\-x) n = 1 -\-7ix approximately. 

Similarly if x be so small that its cubes [and higher powers 
are neglected then 

(l+a;) n = l+wx+ 0 ^ a: 2 , approximately. 


Let us illustrate the method of finding approximate values : 


:. 1. If x is so small that its cubes and higher powers can 
be neglected , show that 


_(1—x) * + (16+8*) * 

(l+x)“* +(2+*)* 


= 1 + 


23 

40 


Sol. The L. H. S. can be written as 


(1-x) 


+ [16(l + f- )] 


\ 


(\+x) ^ + 4-J-x a -|-4x 




X-i) 


x*H-4[l+^_|_ 


.. (t)C— r)e 


] 


1 -|-+(~ir)( ” 2“)* 2 +4 + x 2 + 4 x 


approximately 


5 + ^ 
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binomial theorem 
Dividing the numerator and denominator by 5 the L.H.S 


7x 17** 
* + 10 + 20 
" 7x lix 1 
l +To“ h 40 


=( 1+ 


_ II ..2.-1 

lx . 17** V - lx 11 


10 

lx 


+ 


25A l+ To + 

lx 


x :\ 

40 ) 

11a;- 




(— !)(- 2 ) 
2 


= 0 + 
lx 


lx ,17a; 2 
To 20 J 


( 


lx 


10 

lx 

10 


4- 


1 iJ 8 \ 2_ l approximately 

40 ) J 


49x- 
40 + 100 


llz 2 


] 


approx 


, 7* JJfV 49x2 + 

— i JO 40 100 10 


49a- 2 

lUO 


17x 2 

20 


(neglecting cubes and higher powers) 

(W_UL- 23 ** 


1 +x 




{20 40 J ‘ * 40 

.. 2 . Show that if n and N are nearly equal. 

N __ N +”t, N 

— N -|-n 4-71 

So!. Let Nwhere * is so small that its square and 

__ _ 1 A /* ^ f 1 


V 


ooi. ' . , 

higher powers are neglectea. 

. N =n + h. 


So the L. 


=(‘ + ^ 


= 1 + 


h 

2 n 


approx 
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Also R.H.S. 


N + n 

n-\-h 
2 n-\-h 


N+n __ 

4n 

2 n~\-h 

~+r 


n + /i n+A+n 

» + A+n 471 

9« A 

: (?i+A)(2n+/i) -1 + 


h \ -1 


= (n+A)(2n)->(l + £) 


,1 
' 2 


4n 


?i + /t 

2n 


X'r 4) + 4 + t» approx - 


(n + A)(2n— k) 
4 n 2 


f-J_+A 

2 4»» 


_ 2n* + 2w&~ nh 2n+7/ 

4n 2 4n 

(neglecting squares and higher powers) 
2n 2 + y»A + 2n 2 +wA __ 4n*+2nA 

44i 2 4^* 

= 1+ ^ =L.H.S. 

In 

Ex. 3. // />= ry nearly and n > 2, Mat 


/_P_\ n _ ( n+ 1/H 

\ q ) (n— 1 )p- 


( 7t+ l> + (n— \'g 
(n— 1 ty> + (» + 1)(? 


Apply this rule to find approximately the seventh root of — 

.133 ' 

[P.U. 1950] 

Sol. Pat p-q = h where h is so small that its squares and 
Higher powers are neglected. So p-q-\-k. 


approx 
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Also R.H.S. 

_ (n 4-1 )p +( »*—i) g 

— (n—l)p+(n-t-l)9 

fn-t-lUq-fA) + (ft-l)g 2ng-K»-hl)fc 

— ( n _ l)( 7 +fc) + (n+l )<7 2nr/ + (n- \)h 




on dividing the numerator 
and the denominator by 2n<? 



-0(0 ] OO* J 

] [ 1 +(S' > ] 




( n+ 1)—(« - 1 ) 


japprox. 


= l-f- - =L.H.S. 

Again putting p=131 and 7=133 and n= 7 in the above 
result we have 


- / 131 \* 

“U33 V 

(n4-1 )p J r-ln — 1 la (74-1) - 131 -f(7— 1) , 1 3 3 

Also (n-l)/>4-'(n+lW = ( 7 - 1 ). 1314-(74-l). 133 



1048 + 798 184G _ 923 __. qq78 

786 + 1064 ~ 1850 925 = 

Theorem to Extraction 


4-21. Application of 
of Roots. 

. 4. Evaluate - J- uj,to four places of decimole. 

$/ 128 

(P.17. 7iV55) 
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So1 ' ^M =(128) i= ( 125 + 3 > * 

-[ 1SB (>+iL)]-*-^ (»+&■)-* 

, (—j)( — I )(—3 ) / 3 \ 3 “I 

|1 X \ 125/ .J 

_ 1 T 1 1 , 2 14 1 

5 L 125 + (125)«“ 3(125)3 +.J 

-K'-(i)+(mXA) 

KtkX,iXr»)+.1 

= 6 [ 1 — (-008000) + (-000128) —.] 

[Calculating upto 6 places of decimals, i.e., 2 more than the- 

term? places required in the question. Also we neglect 
terms from fourth onwards as they involve more than four zeroes 
(this lour being the number of decimal places)]. 

= £[1 000128—*008000] 

= £[-992 128] = = • 198425=*1984 approximately. 

4 22. Application of Binomial Theorem to Summation 
of Series. 

Ex. 5. Shorv that 

9_i . 1 , 13 13.5 

V + 2 i+ \2j2*_ + \3_. 2« + . to °°’ 

Sol. Le, l + i +L ^ 3 2 ,+.=(l+xr 

“»+«*+ " ( ^ 1) -'+. 










binomial theorem 

Equating the corresponding terms we have . 

1 


75- 


1 

nx= 7>2 


or x — 


4 n 


n{n— 1) 2 — 1,3 etc. 

and - * — | 2_, 44 

Substituting for x in this we have 
n{n —1) —L 


2 ” x 16/4* 1 2 


2* 


or 


• • 


3 n = n — 1 or n= —* 

1_ 

471 "4X — 4 _ 2 


1 

*=-r— = 


So the given series is the expansion of 


h =v2. 


. 6. Find the turn to infinity of 

5 1 ^ 7 1 


2 + 


n 


i 57 

T + | 3 


3 - 


.to 00. 


Sol. The given series can be written,as 

r 1 4 7 1 


14-1 + 


1 5.7 

3 + 


4 - 


(P.V. 1957) 


...( 1 ) 


r 2_- 3 * 32 

Let this be the expansion of U + *)"• 

7l(7l — 1 ) 2 • •••( 2 )’ 

But (1 +x)« = \+nx+ - | 2 _ .. 

Equating the corresponding terms ot ( U and .( 2 ) *e have 


TlX — 1 

n(n — 1) 2 _ 

- -- x — ^ 

YL 


or x = 

1 

X 49 


n 


and 


etc. 






ye 
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Substituting the value of x in this latter equation we get 
»(»— 1) 1 5 1 

|2_ X | 2 X 3 


or 


5» = 3/i—3 


or ii= — I 


. 1 2 

• • x =- - =— 

n 3 

So the sum of the above series is 


(1 -f- x )" = (l_§ )-3/3 = (£)-3/*= 3 3 ' a =3 >/3. 

+AQ+ * ~-;-sr--+-. iO 


7 if 1 1.3 1.3.5 

* ' * U - - H-t - ?. 4- o rr>” + 


4 ^4.8^4.8.12 
■show that — 1. 

Sol. Here //-f 1 = 1-j— L . _i_ 

Let this be the expansion of (1 J-*)” 


to 


which is 1 +n.r + ^~—^ x 2 + 


to 


Equating the corresponding terms of (1) and (2) we have 


1 

nx 4 


1 

or x= -— 
4» 


and etc 

|2_ x -4.8 etc - 

Substituting the value of x in this we have : 
»(»-l> l 1.3 

16n 2 


2 x 


4.8 


or 


3n=n— 1 
_1^ 


1 


or n=— —. 


1 i 

So »/ -f 1 = (l -f-x) n = (1 — ^) - = 2 =\/2 

or (j/ 4- l) a = 2 or y*+2y = 1. 
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exercise 10 

If squares and higher powers of the differeuce between 
* and l can be neglected, prove that 

tnx m — nx n = (»' — n)r m+n 

If squares and higher powers of * be neglected prove that. 


(4 4 a;)^ 4- (8 + si * _ = 2-f ' 

(l — X ) S 

Identify 

2,34 t . 

(a) ld'-y 4 ' 2 * + 2=* 

i 1.4 1.4.7 


\5x 

6 


t) 


1 . I - 4 ■ 

( 6 ) l + 31 + j 2 TT* ^ "I 3 . 3 * 


to oo 


as binomial expansions 


\ , l • 3 , l -3.5 . t < 

4 If »/ = 3 - + 3T6^ 3. 6 .9 r 

prove that y^+'ly-2=0 

5 . Find the 4th root of 2 from (1—4) 


.to =* 


upto 2 places of deci- 


m ils. 


6. Find the if the difference between r 

and The neglected, find the approximate value ot 

x s — x 2 

8 . ,f squares and highet powers of a be neglected, find the 
approximate value of . 


(*> 


{ i + z)-'±V±™L. W ‘*±*4 + (8+5 f 

0 6 + «*+l9 + W* ( H-x)*( + 4 + 3x,i 


[A'.f/. 7052] 
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9. If * = -: 


1 


+ 


1 . 3 




1.3.5 


2 3 . 5 3 I 3 


+ 


to 


* . 5 • 2 2 .52 . I_2 __ 

show that x 2 +2x = } 

10. Expand [1 +*004 ] 10 by Binomial Theorem and obtain the 

value of ^ T-004 correct upto 8 places of decimals. 

[K.TJ. 1949 ] 

11. Calculate approximately the value of 

>7 62 3 

12. Show that ioiO = 10*033. 

13. Obtain the cuberoot of 217, correct upto 4 decimal places 

using the binomial expansion. [JT.Z7.] 

14. Identify as Binomial expansion :— 




to 


15. If M differs from N 2 by a small quantity the square root 
of M is approximately equal to 

3N_(3N 2 — M) 2 

2 8N 3 

16. Use the Binomial Theorem to prove that 


(-£>)*- 


91917 


[P.U. 1944 5.] 





CHAPTER V 

GENERAL PROPERTIES OF EQUATIONS 


5 1 Polynom • n below is called a polynomial. 

An expression ol the lorm 

f(x) = a 0 x n 4 - a i* n ~ l + fl 2 xn “ a +. 

, T „ a arc arbitrary constants and n is a 

H re a 0 , a„ a 2 . a »* . - a a »i-i.are called 

positive integer. The H ua JV ^ may be connected with 

Sifeir.-,™. .- 

a trinomial, and so on. 

5 11 Equation of nth degree. 

° 1 H i to zero, we obtain an integral 

and ^UonT^atior? of nth degree in , (say) which we can 
write as : =Q 

‘^‘ r i ^rc constants and a 0 ^0. Also * is a 
variable andT‘that vahVe “ofx which satisfies the above equa.ton 

will be a root of the equation ^ wi „ be ca.led a 

If n stands for 2 then t putting » =3,4.we get a 

•• «*■«“ - d 

Ji as remainder. 
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f{x)=(x—h) Q+H 

Putting x =h we get 

/(*>«* 

But / (7*) =0 as k is a root of/ (x)=0 

R =0 

Hence (a:—fc) is a factor of / (x). 

Conversely , if (a; — 7i.) is a factor of / (x), then 

f(x) = (x-h)Q 

fV 0 = 0 

This shows that h is a root of 

^ / (x) = 0. 

5 3. If an equation with real coefficients has a root: 
a + i3, it has also the root a — i 8, where a and p are real 
and i = \/_] 

Or Complex roots occur as conjugate pairs. 

Let r = a + i/5 be a root of / (ar)=0, then x—(a-fi(5) is a factor 
°( J (x). Let us divide / (r) by [x — (a-j-ip)] [r—(a—i/9)] giving 
quotient Q and remainder R,x-}-R 2 . 

•*. /(*) = [*— (« + i,S)] [x-(a-;^)lQ.+ R I x- + R 2 
Putting x=oc + i/3 in this we get 

/ ( a + i£) = R-i a-f-Ra+iRjJJ. 

But/ (a-f i^) = 0 as a-H/3 is a root of/ (x)=0, 

Rja + Ro-r »'R,3 = 0 

or R 1 a-fR 3 =0 and R,(3 = 0 

But /8^0, so R, = R 2 =0. 

/ (x) has two factors x - (a +i/3) and x—(a —ifi) 

or / (x) = 0 has two of the roots afi^. 

Or the complex roots occur as conjugate pairs. 

5 4. Similarly, if x=«-j-j5y'~be one root of f (x)=d 

then the other root is a — £ V 'TT where a, p, y are rational 

numbers and the equation f ; x)=0 has real and rational 
coefficients. 
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Or irrational roots occur as conjugate pairs. 

The proof of this is left as an exercise for the student. 

Cor. If (a-M'p) occurs p tunes a S a root m / ( x) , 

(ot-iS) also occurs p times in J (*) —U. 

Ex. 1. Form the lowest degree equation whose two roots 

Sol. We know that complex rooU occur T+2.', 

therefore, all possible roots of which can he formed from 

3 ±i. Also the quadratic equations whicn ca 

these roots are o v o 

*•-*(1 +2i+ 1 -2») + (l +2»)(1 -20 = 0 
and *«-*(3 + < + 3-«*) + (3+0(3-0-0 

or x 2 —2x4-5=0, x 2 —6x-*-10=0 

.. the required equation is 

(x 2 -2xf 5 )(x 2 - 6 x-l- 10)=0 

or x*-8x 3 + 27x 2 -50x4-50=0 

Alternative method. 

Here x=\±2i, x=3±i 

or x-l=±2t and (x— 3)=-fc» 

or (x — l) 2 = 4t 2 and {x— 3) 2 = » 2 

orx 2 —2* + 5=0 and x 2 -6x|-10=0 

the reqd. equation is 
(x 2 —2x-f 5)(x 2 —6x4- 10) = 0 
Ex. 2. Solve the equation 

x«x 5 —x 4 -f 3X 3 4 2x 2 + 2x + 4 = 0 

given that it has two of its roots as i, 1 +>• 

Sol. The four complex roots possible from 'he 
roots are ±t and 1 i '• 

So x=± i andx=li> 

or x=±i andx-l = i» 

or x 2 = i 2 and (x 1 ) 2 — 1 

or x 2 -\- 1 =0 and x*— 2 x 4-2 =0 
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... The biquadratic equation giving these four roots is 

(x 2 4-1) (x 2 —2 x 4-2)=0 
or x 4 —2x 3 4-3r 2 —2 x4-2=0 

The remaining roots of the above bexic equation can be 
obtained on dividing the original equation 

a -6u_ x5 _ x 4_i-3x c 4-2x 2 4-2x4-4 = 0 by 

x* —2X 3 4- 3* 2 -2x4-2=0 

The quotient turns out to be x 2 4-3x4-2 

x*4-3x4-2=0 gives x= —1, —2. 

Ex. 3. Find the cubic eqaition whose one root is 


-14-3^2" 

Sol We know that the three cuberoots of unity are 1,«, <■>*. 
Therefore the three roots of the required equation are _ 

— 1 -\-SV~2, — 14-3<o^ 2 » -14-32 

So x4-1=3 £ 2, 3 cj 3 /2, 3co 2 ^2 

or (a*4-1) 3 -= 34 gb.-,- 

-r 3 4- 3.t - 4 3x - 53 = 0 . 

This is the required equation. 


Alternative method. 


as 


Here the three roots aie 

r — — \ 4 3 3 /2 f -H-3«y2, -l4-3« # .^2 

the required equation is 
[x 4- 1 -3 </21[x-4- 1 —3.0 3 /2][.r 4-1 -3o> 2 ^2] =0 
Putting r - 1 =« and 3 ^/2=6 we have the above equation 


(a—b)(a -/>o))((7—b(o 2 ) = 0 
We know that (a — b)(n —bt>i)(a — b, u 9 )=a 3 — b 3 . 
the above equation can lie written as 

a 3 —/> 3 =0 

or i.r r lr-<3^/2) 3 = 0 

or * 4f34 --3.r-5»=0, 
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PROPERTIES OF EQUATIONS 


1 . 

2 . 


3. 

4. 


5. 


8 . 


EXERCISE 11 

Given that 1 —2i is a root of .e*-5.«f> + 13.^- 19.t +10=0 , 

solve it completely. 

Show that 2 W3, 1 ri a ‘ e the rootS of r n 
2 f-5_ 1 5. r 4 + 40.r* - 53.«‘ 2 t- 34.c —6 -=0. 

Find its other roots also. 

Form an equation of least degree whose two roots 

1 -H, 3 - ^v 

Find the equation whose roots arc 

a b. oja-f- to*a - <*b 

where t> is a complex cuberoot of unity. 

Solve . c - + 3 .,;’+ 6 ..’+ 12 a+ 8=0 if it is known that one 
root is pure imaginary. 

Tf , are the roots of the equation 

„v _,•) 4 - K. = 0 then a lt a 2 , . a « 

(«,-x)(a.,-r).(tin • 1 ' 

are the roots of the equation 

( . ri _.>-)(.»- 2 —. r ). ( Xn ~ r ) - K = 0 . 

Show that the equation 

A 2 B 2 H 2 

x—a 1 X—b 
has all real roots. 


x 


— h 




8 Two roots of the equation 

_ 6x 3 4 - 1 8.r2 - 30.C 4-2 5 = 0 

are of the form /?-«'* i solve the equation. 

9. Show that a cubic has always, at least, one real root. 

10. Show that a quartk has either no real root or two real 
roots or four real roots. 

11 Prove that a biquadratic with absolute term negative can 
have, at least, two real roots, 

12. An equation has v/S+V? aS , onc of ns roots , find thr 
least degree equation and the other roots. 
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13. 


14. 


15. 


An equation has — 1 -f^/2 as one of its roots ; find the 
other two roots and the equation, its coefficients being 

integers. 

Solve the equation 

1 = 0 . 

If the roots of the equationx"—1=0 are 1, a, y, .; 

show that 

(1—a)(l—P)(l— y). = n - 


5'5. An nth degree equation in one variable cannot: 
have more than n roots. 

Let ji x ) = 0 be an equation of «th degree in x. Suppose 
ihat x=a is a root of this equation which may be real or 

complex. 

/(*)*=(#—«)/,(*) —( l > 
where / 1 (x)=0 is an equation of (n— 1 )th degree in r. Let 
x=p be a root of the equation f x {x)=0. 

/,(*)-(x-p)/ t (x) 

where / 2 (x)=0 is an equation of (n — 2)th degree in r. There¬ 
fore substituting for /j(.r) in the equation (1) we obtain 

J\x) = (x-a.)(x- p)f*(x). 

Continuing in this way we get that 

/(*) = (x — a)(x — P)(X— y).(*— P)fnix) 

where (x — P) is the nth factor and f n (x) will be an expression 
of zero degree. So / n (x) is a constant. Let f n (x)= K and 

/(x) = a 0 x f, + a,x n - 1 +.-f«„ = 0 ; therefore 

x x n " 1 4-.+ a„=K(x-a)(x—(i).(x—P) 

Comparing the coefficients of x" on both sides we get K = a 0 . 

So a 0 x n d-a l x n-1 d-a 2 x n - 2 + .+ ®» 

=a 9 {x —a)(x—0). (x—P). 

The equation having any other factor involving x is im¬ 
possible, for then the equation will be of (n-f 1 )th degree which 
is not the case. So the equation can have only n roots and no- 

more. 
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Let the 


5-6. Synthetic Division. 

Let us divide the polynomial 

a 0 z n + a jX " -1 -f a 2 x ' l ~ 2 +.+ »n-i x ~r a n 

by (x — h) and find its quotient and the remainder, 
quotient be 

fcoX"- 1 + b jX"" 2 + fe 2 X n " 3 4-. +f «-2* + K~\ 

and the remainder R. 

r/ 0 x r *4-a 1 x ,, - , -f « 2 s'* -2 4-.4-«»-i*4- rt » 

S (x-/ t )(V r *- , 4-^ , 4-V"“*4-."4_V' r a ' :) 

= b 0 x n 4- (6 X - M )^ n - 1 4- (6 2 - M)*""* 

.4-(&«-i— fc «-2 fc )- r 4-R—^»-i A 


_ . . <r . r „n ..n -1 x «-2 .on both sides 

Equating the coellicicnts ot x , x > x » 

of the above expressions we have 


6 0 — a o 

b l — b 0 h = a l or b l = a l -\-b 0 h 

b. t — b l h=a 2 or b 2 =a 2 -~-b l h 


...( 1 ) 

... 12 ) 


b n -\-\-b n - 2 h = a n -i or 6„-i **«»-! 4-*«-a^ (M !) 

R — b n —\b = =: o n or R=a n 4-W i "N 

This can be exhibited as follows 

h) n 0 a , « 2 . a «-i " n 

A* _- 

«„ <*i ^ * 3 . bnl I 

= b o - 

Explanation :— 

(a) The first row contains the coefficients of the original 
polynomial. ^ ^ j„ the third row is the same as the first 

term in the first row. 
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Ic) The first term of the second row written under o, is the 
product of h and a 0 . The sum of a x and a 0 fc is 6* as from 
equation (1) and this sum is the second term ot the ttura 

row. . 

(d) The second term of the second row written under a 2 is 
the product of 7/ and />, as obtained in (c) and the sum of a 2 and 
b x h is K as from equation (2) and this is the third term ot the 
third row. 

(c) Thus, in this way, we can get the coefficients of the 
quotient and the last term of this quotient is b n - 1 . 

(/) The remainder is the sum of the last term of the original 
polynomial and h times the last term of the quotient. 

This above method is railed Synthetic Division. 

5 61. Remarks : 

(i) This multiplier ‘h' is the value of .r obtained on putting 
♦.he divisor x — h equal to zero. 

(ii) If we denote the original polynomial by/(.r) and the 
quotient by Q_, then, 

f(x) = (x—h) Q.-r In¬ 
putting x=h here we get 

M )=R 

.’. remainder is also the value cl the polynomial for x«=li. 

(Hi) If R=0 then the equation is exactly divisible by (x h) 
or the equation has a root *h\ 

(iv) The missing coellicient or coeilicicnts of the original 
polynomial (if there is any) should be replaced by zero or 
zeroes. 

Ex. 1. Divide x* -f-2-r 1 -f-3.r 2 -j- x —4 by (a*—2). 

Sol. Here// = 2. We can use the Synthetic Division here 
and exhibit as follows :— 

(2) 12 3 1—4 

_ 2 8 22 46 

1 4 11 23 .42 
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Here the quotient is *»4-4*’ +1 l.v+23 and the remainder 

is 42. 


.2. Divide x x — 10.r 3 -t-3o.r 2 — 4i).r-r27 /.;/ 

(i) (x — l)(-f — 2)(.r — 3) ; (it) (x-l! 3 . 

Sol. The values oth for the three linear factors are 1.2 
and 3. Firstly, we shall divide the original express* o\ 

and then \vc shall divide the quotient thus obtained -) 

and so on. This process can be shown below in a compact 
form :— 


(1) 

1 

-10 

35 

— 48 


1 

_ 9 

26 

(2) 

1 

—9 

2 

2b 

-14 

— 22 
24 

(3) 

1 

— 7 

3 

12 

‘ 2 


1 

1 

0 



27 

22 

5 



Here the quotient is x-4 and the remainders arc 5, 
the actual remainder is 5+2(ac— 1 H-0(a— l)(.i —2) = 


2 and *>. 
2r-r 3. 


Note. Here a-* — 10.r 3 + 3ox~—48x+27 
= (x- - 1 )(x 2 - 9x 2 4- 26x - 22 ) 4- 3 

= (x-\)[{x-2)(x°--7x+\2) + 2] + d 

= (x . _ 1 )(x-2)(x* - lx + 12) + 2(*- 1) + 5 

= (x-l)(.r-2)[(a-—3)(x--4) + 0] + 2(.»—1)4-5 

= (*- l)i*-2)(*-S)(*-4) 4 I0(r- 1 , ) + 5] 


remainder is equal to 

0(*-l)(a— 2)4- 2(x- 1)4-5. 

(it) The values of h for the three equal fac:tois 
We can show the process of division in the tollow me P 

form : — 
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(1) 

1 

— 10 

1 

35 

—9 

CO to 
IN 

l 

27 

—22 

(1) 

1 

— y 

i 

2b 

-8 

—22 

18 

P 

<1) 

1 

— 8 

1 

-7 1 

— 4 



r 

— 7 

I'i 




Here the quotient is x — 7 and the remainder 

5 — 4(x— 1)-J- 11 {x — 1 ) 2 
= 20—26a: 11 x 2 . 

5-62. Synthetic Division with reversed coefficients : 

From Art. 5*6 we obtained 

b 0 — Oq , 
b l — b 0 h=a l ; 

b., — b 1 h= a 2 *, 


l 

R 


b n -nh 

b n -\h 


«r.-l 


= a 


n ’ 


Let 


R=0 here 

= —K-ih 


o„ — 


a n -2 — b n -2 


— b„-Jl 

— b n -Ji 


a 2 — b.,— — bji ; 
a x ~b„= — b 0 h ; 

"o — b Q = 0. 

This can be exhibited as follows :— 

i h ) a n a n _ t « n - 2 . a 2 

_ b n -l ^n—o ... — £>2 

a n —b„-Ji —b n _ 3 h .. — b x h 

= — b n - x h 




...(!> 

...( 2 ) 

..(3) 

...(n—1) 

...(n+l) 

<*o 

-b n 


- b 0 h 


0 
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«*> i.—■“ 

of the first row. , , \ s 

{c) The first term of the . ^cond sum of the second 

first term of the third row divided iy • of the second row 

term of the first row and the , lerrn of the third 

is -K-M as from (2) he third row. 

row. Similarly we can find the other terms the 

(d) The last term of the third row is zero showing 
polynomial is exactly div.sib e > ^ of thc thir d row by 

(«) Divide all the terms (excep . t in reverse order. 

— h and we get the coefficients of the quotient in 

Remarks :— . . . , ic .r a i when we 

(t) This method of Synthetic Division tion G r not. 

•want to test whether x=h is a root of a certain i Qther 

(it) If ^ be an integer and does not^ in l root " 0 f the equation 
Zx^+a^-'™ coefficients are supposed to be m- 

rteS E*. 3. Show that 30 is a root of the equation 

2x 2 — 7 5x* + I09.t* 36=0 

Find the other roots also. esthetic 

Sol Here 7. = 36. We can make use of the Sy _ 
TDivisfon with Reversed Coefficients and exh.b.t 

36) —36 109 -75 J, 

—Tag-108 —72 S. . 

Evidently ,= 36 is a root and the depressed etptatton , 

— 72x 2 -h 108x — 3b = u 
or 2x 2 -3x-t-l = ° 

x=\, 

x — 36, 1, $. 


giving 

Thus 
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5 63. Synthetic Division when the Divisor is another- 
polynomial. 

Le^ us divide o 0 .r T, + a 1 .c n - 1 -La 2 x ,, - 2 4-...-fa n by 6 0 z 2 -j-6 1 x-f6 2 
which is a quadratic expression. Suppose that the quotient is 

C Q X n ~ 2 -f C,X n-3 C 2 x n ~ 4 -f ... -f C n _ 3 .T-f C n _ 2 

and the remainder R is Arr-f-B. 

Here we can find the unknown coefficients c 0 . c,, c s . . 

C } ,_ 2 and A. B in the fame as in Art. 5*6 and is left as an 
exercise for the student. This process can be shown as- 
follows : — 


K 

"o 


a 2 

«3 


a n- 1 

«n 



—Vo 

— Vi 

— Vs« 

.. 6,c (< _ 3 

~ V«-2 

— 0 b t 

~b« 




-Vi- 

••-Vn-4 

b-tCn 3 

— Vn-2 


"o 

Vi 

V> 

V® 

• •• ^(/*t»-2 

A 

B 


C n 

C I 

C.» 

Co 

n 

• m m a m • V 

0 

0 


O 


J 

• • • ■ • % Ft 3 


Explanation : — 

(«) The first row contains the coefficients of the original 
dividend. 

(/>) The left extreme column contains the coefficients of the 
divisor which are written with opposite signs except the first. 

(c) The first term of the 4th row is same as the first term of" 
the first row and the first term c 0 of the fifth row is the first 
term of the 4th row divided by b 0 . 

(<7) Multiply this c 0 by — b t which gives the product as the 
first term of the 2nd row written under a t . The sum of a, and 
— Vo Vi which is the 2nd term of the 4 th row. Divide this 
Vi by b n giving the quotient as the 2nd term of the fifth row. 

(c) Multiply c, by —/>, and r 0 by — b., giving the products- 
as the second term of the 2nd row and the first term of the 
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third row respectively. The sum °!T^^nst^ern^ o^ the 3rd row 
second term of the 2nd row and Divide this b 0 c, 

is the third term of the 4«h of tlte 5th row. 

bv b* eivins the quotient as c 2 t* ie , 

Similarly the other terms of the fifth row can co^ tame ^ 

(/) The last two terms A. * of \ 0 \ c written h 

efficients of the vemaindei. T xvrite zeroes there, 

the 5th row under these coeihc.ents, so we w .ee ^ ^ ^ 

-*■ —» 


2 
3 
— 4 


2 

1 

4 

1 


3 

6 

9 



4 

— 8 — 

2 

4 

6 

-2 | 

1 

2 

3 

""" i r 

• 

. •_a : 


-dl t O ..2 a., ‘t »• -t- 1 


10 

3 

12 

1 

o 

and 


o 

-4 

1 

^ 

0 

the remainder i- 


a 


1. 


5. Form an. equation whose roots arc 1, 2. i, h 5. 

Sol. Here the equation having above loots i> 

or &I , . , lto 

The product can also be ‘"bllm™^ 


-2) 

1 

_ i 

— 2 

«> 


-3T 

1 

— 3 

— 3 

2 

9 

11 

24 

_ G 
_ 6 

-4) 

r 

— 6 
— 4 

— 44 

-5T 

r 

‘ —10 
_ 5 

35 

50 

— 0 u 
—175 

A § ^ 

-- 

i 

15 

85 

— 223 


24 

24 

250 —120 


., 74—120 
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The coefficients in the last row are the coefficients of the 
required equation. This method being simple needs no 
'explanation. 

EXERCISE 12 
Using Synthetic Division 

1. Divide x 3 6 x 2 -{- 1 \x — 6 by (x—2), (x— 3), (x + 3). 

2 * If / (*)=x 3 — 8x'- + 3x— 6 , calculate/(1),/( 2 ),/( 8 ). 

3 Wh »t-is the remainder when x*— x*+4x + 6 is divided by 
— 2 ). 

4. Find the quotient and remainder when 2.c 3 -f 3x*4- 9x+ 17 
be divided by (2x — 3 ). 

5. Show that x =2 is a root of the equation 

a- 3 — 7x 2 -f- 14 x—8 = 0 
Hence solve the equation. 


6 . Form an equation whose roots are 

(a) 1 ' 2 ’ 3 ( b ) 1,2, 3, 4,5 

(c) 2±V3, 5 ±i, 1,2. 

7. Find the quotient and remainder when 

2x 4 -}- x 3 + 2x 2 + 9x -f 6 
is divided by x*—2x - 1 . 

£ 8 . Show that x 2 + 2x + 3 is a factor of x 4 —3x 3 
Find the other factor also. 

J2 9. Find the quotient and remainder when 

2x 5 -f 4x 4 + 2x? +3x 2 - x + 10 
is divided by x 3 —x*-f x— 1. 

10 . Divide ar»—2x 3 +3x 2 —4.r-f 5 by (x— 2) 2 

-11. Solve the following equations : — 

(a) x 3 — 6 x 2 -{-llx — 6=0 

(i) x 4 — 1 Ox 3 -f 35x 2 — 50x+24 = 0 
(c) 2x 3 —9x 2 — 13.r— 6 = 0 


—* 2 -3x-H8 



CHAPTER VI 

RELATIONS BETWEEN THE ROOTS AND 
COEFFICIENTS OF EQUATIONS 

6 1. Relations between the roots and the coefficients- 
of the equation 

a 0 x n -|-a 1 x" _1 -f a 2 x n- ®+.-f a "=° 

Let a, p, y , 5,.p be the n roots of the above equation. 

ii 0 x n -\-a l x n 1 -r a 2 x n ~ 2 4*.+ rt *i 

=a 0 (x — a)(x — fi){* — y) . {x — P) 

= a 0 [x H — ar" _, (a-HP4-Y'+-.+ **) 

+ .r"- 2 (ajS + 0Y +Y* +.. 

+.+ (-»)” °/3y8. Pi 

Equating the coefficients of the corresponding terms of the) 
two sides we have 

a +/3 4 -Y+.-fp = v a =_-?* , 

(i o 

a 3 4-^Y+Y a +.= Sa,8=—— 1 

,# 0 

opY + ^Y5-b.= 2apy—— ~~ ; 


(-1 


or 


or 



...p=— 

<*o 



< xpyo ... 

— p -(_l)i x a 0 (— 1 )*" X a„ 

aPyS--* 

n (-i)" _L“ 1) ” X 

*' p —L( l — ) 2 3" °o *" 


Oo 
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a 


or 


a 3 Y 8 .P = (- 1 )*X -2 


Cor. (a) We note in the above relations that the signs] are 
alternately positive and negative. 

[b) I f «„ — 1 then 

ia=-u„ Sa? = ^/ 2 , 2*8 y«—« 3:.. . p 

= (-l) n • 

.(e) If be odd then 

a 


x3y 




p = — — and if be even then 


a 


P = — • 


“6*11. Particular Cases : — 

(a) If x, /? y the roots of* l ^e equation 
u-t 3 + d-ca? -f- d =0 then 


x -!-3 -r v = — 


a 


c 


<x 8 +& 7 + 7 *= — '» 

a 


v. 3” = — 


a 


’V 


/;) If a, 5, v, S be the roots of the equation 

ax i + hz*-*-cx 2 +cx 2 +dx+e=0 then 

* + 0 + 7 + 8 =- 4 " •» 


3t3 4-ay-ra5+ ,3y + 35 -byS = 


a 


a/?Y 4- ar#8 “ £vS = — 


a 


flvS = 


e 

a 
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The above relations can also be written as follows : — 

(x-f ?)-r(Y-rS) = —* 


(a/3) + (Y*)-H* + / 3 )<Y + 0> s= 



y 


<i 

*0(Y + 8)-fyS(aTf>)——-r~ » 


(«0 )(■/«>- 


a 


Ex . Solve the equation 4x>+I 2*+llx + 3-0 
/act that its roots arc in A.i . v 

Sol. Let its roots be eZ — d, d, d-\-d. 

_ , 12 

sum of roots = d — d — d^-d-~d — ^ 


or 


3cZ= — 3 


or d=— 1. 


Here one root is found as -1. Use synthetic division for 
nhe other two roots : 


-1) 


12 11 3 

_ 4 —8—3 

8 3 I O' 


So the depressed equation is 

4z* 4 - Qx 4- 3 = 0 giving x= £» —a. 

Thus x— — 1, — 2 - 

Ex. 2. ,S'o?ye the equation 

3x l - 40x 3 + 130* 2 - 120x+ 27 - 0 

■given that its roots are in G.P. 

Sol. Let its roots be <x, p, v, o. 


(I\U. r>ol S) 


Here — = { =— (roots being in G.P.). 

* P Y 

ITom the first and third fractions wc ha\e 

aS -= /?y 
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But 


a + j8 + v + 5 = - 


aP + aY+“S + ^Y"rP5+Y^ — 

a£Y + a PS + a T 5 + ^ S= ~T =4 ° '• 


40 
3 
130 
3 

120 
3 

27 


«?y8= X =9 


These relations can be written as :— 

40 


(a + S) + (^ + Y)"“ Tj 


130 


aS + pY + ( a + 5 )^ + 'j')= 3 


a8(P+Y) + M*+^ = 40 

(«5)( j 8 Y )=9 

Substituting for xS = py in (3) we have 

/?Y[/3 + y+a + S]=40 

Substituting for a + p-fY-r 5 from (1) here 

we get £y = 3 

. aS=3 also. 

• • 

Substituting for and aS in ( 2 ) Nve h av * •— 


...(1) 

...( 2 > 

...( 3 > 

...(4) 


112 

(a + 8)(P+y) = -3 

40 

But (a+5)-H£+Y)= 3- —(5> 

Now [(a+S)-(P+Y)] 2 ={(« + 5)4-(P-!-Y)} s ~4(«-f5)(*+Y> 

_1600 448 256 

“9 — 3 — 9 


So (a| 6 )-(^ + Y) = ^ 


...(*> 
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Solving (5), (6) we have 

a-}-5= 2 ^- and (J+Y= 4 * 

a, S and 3, v are the roots of the equations 

x 2 4-3—0 and c 2 -4x +3 = 0 respectively. 

3 

Trom these x = 9, 1,3. 

Alternative method {to he preferred) 

The given equation can he written as 


* 34 . 1 *-x 2 - 40x +9 = 0 


130 


...( 1 ) 


Here a/3 y 8= 9, but as the roots are in G.P., which means 
that a$ = /?Y = 3 

Therefore, the given equation can be split into two factors 
of the following torm : 


(x 2 —ax4-«S)(x 2 - bx + fi y) = ° 

or (x 2 ~ax4-3)(x 2 -6x + 3) = 0 

where a + S=a anc l 


...( 2 ) 


YY UUI v. 

Comparing the coethcients of x 3 and x-irom (l)and(2), 
■we have 

...(3) 


• /, 40 
a-rb= 3 - 


ah = 


112 


...(4) 


which give 


/ 16 

a-6= -3- 


...( 5 ) 


Solving (3) and (5) simultaneously, we get 

28 


« 


rZ = 


3 
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Therefore, the given equation is split into the two following 
quadratic equations : 

x 2 --® x-f 3=0 

and x 2 —4x43=0 

which give x=9, 4 and x=l,3. 

Ex. 3. Solving the equation 

' Bx 4 — 3x 3 + 8x 2 —x+2=0, 

beivq qivev that it has a pair of roots whose sum is zero 

[Math. Tnpos\ 

Sol. Let the roots of the above equation be 

«, 0, Y • 8 - Here a +3 = 0. 

Also («4i8)4( Y 4-!?) = 4 -< # > 

oc/5 I -784 (« + P)(Y+S)=f —!»!> 

a/3(Y+ 8)-rY^( a 4 £1 = S ...(»•») 

(*0)(T S ) = 3 —l lV > 

V a -f (5=0, so y 4*8 = 4 from (»’). 

Also from (Hi) we have :— 

«p(4)-fvS(0) = J 

or <*3=4 

Substituting this in («») we get 

y8 = 1, 

the 2 quadratic equations are 

a 2 4 $=0 and x s — Jx-f 1 =0 

i 1 + .V15 

giving *=± v y 4 

Alternative method (to 6e preferred) 

Here a4-/3 +Yd"5= I and a-}-[5=0. 

Y 4*8—4- 

The original quartic can be decomposed into 2 qmdratic 
equations found from the quartic 

[x a —x(a + [5)+a(5][x' J — .t(y + 5) 478 ] = 0 
or [x 2 +a][.T 2 +|x4-8]=0[ where a = a/3 and 6 = yd]. 


or 


x 4 — 


1 


ax 


a 3 + (8 !-« )x 2 — 2- 4 aO = 0 


Comparing the cocllicients of this equation with those of 
6 x 4 — 3.x 3 4 8 x 3 — x 4 2 = 0 
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a-\b = 
These give 


a 1 , 

ST = 6 '* a6 = 


3 


1 


a= - — and 6=1 
So the two quadratics are 

(** + -r) =0: (**—r* +, ) =0 

These give 

1 ± i */ 15 

I=± V3’ 4 ’ 

Ex. 4. Solve the equation 

x <i __ l Ox 3 + 35a; 2 — 50.r h 21 = 0 

tcho*e roots are connected by relation 

a ,8 — 2y$ = 2. 

Sol. Here a ? Y S=24. 

Now (“3 + 2 ^'^<lV+8 X 2^= V96. 

«/3+2 Y 5 = H 

Also ap— 2 T 5 =—2. 

Solving these we get =6, yS —4. 

. x 4 —-10a; 3 4-35a; 3 — 50 a; 4-24=0 can be decomposed as 

(x 2 — «x4-6)'a: 2 —6e4-4)=0 
, a __ a .Lft and 6=y-fS 

Wh " e *._(“+ 55+(«i +10) -x(4a+6/-1+21=0. 

On comparing coefficients we have 

a+6 = 10 
a6 4-10=35 
4a 4 66 = 50 

Solving (i), (m) f get 6-5, a-J. 
t he two quadratic equations are 

x a —- 5 x4 -6=0 . x 2 —5x4-4=0 

These give a:=2, 3 and x= 1, 4. 

fi 2 If a root is repeated r times in fix) =° the “ 
root U repeated (r-1) times tafM-0 where fl«) .s 

derivative of f(x). 


.-(*) 

,.(««») 


this 
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Let f{x)=(x—a) r <j>{x) 

where V occurs r times in/,x )=0 and <J>(x) = 0 gives the other 
roots. 

/'(*) = (x-a)' (f>’{x) + (p(x).r(x-x) r - 1 

= (x— 1 «} + r ^(*>3 

Evidently/'(x) = 0 has the root a repeated (r-1) times. 

Ex. 5. Solve the equation 

x 4 -6x 3 + 13x*-24x+36=0 

having given that it has equal roots. ( M.U. 1944) 

Sol. Let f(x)=x* -‘6x 3 4- 13x 2 -24x + 36=0 

/'(x)=4x 3 — 18x 2 -r 26x—24=0 

So we have to find the common root or roots of the 
equations 

x* _ ex? 4-13x 2 - 24x 4 - 36 = 0 
and 4X 3 — 18x2+26x-24 = 0 

or 2X 3 — 9x 2 + l3x— 12 = 0. 


If the H.C.F equated to zero gives (r— 1) equal roots, then 
the original equation has r equal roots. This H C.F. can be 
foun 1 by the following contracted process : 


2 — 73 


< 

I 

* 


2 —9 13 —12 1 

2 66 —216 ! 

i 

X 2 

— 6 

13 -24 

36 


—75 229 —12 | 

2 

— 12 

26 —48 

72 l 

— 75 —2475 8100 

2 

-9 

13 —12 



2704,2704 -8112 { 


— 3 

13 —36 

72 


1—3 


x 2 

• . 



i 


-6 

26 -72 

144 

—3 

t 

i 


-6 

27 —39 

36 





— 1 —33 

108 





1 33 — 

108 

1 + 36 




1 -3 






36- 

108 



35—108! 


H.C.F. is x — 3, this gives x = 3. 
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: 0 1 


So the given equation has 2 equal roots 3, 3. 
Employ synthetic division Tor the other roots : 


1 —6 13 —24 3b 

( } 3 ^_12 -36 

1 — 3 4 -12 1 o 

* 3 () 12 j 

1 U 4 | 0_ 

The other two roots can be found from 

x 2 4-4 = 0 or x=±2 i. 

Thus x = 3, 3, ±2/ 

Ex. 6. Solve the ee/uation 

x »_ 14 x 3 + 73 x 2_i68j:-h 144=0 

it being given that it has t,co pairs of equal roots. 

Sol. Let a, a, [i, [i be the roots of this equation 
a + atfi r/S=14 or * + = 7 

and a.«.W-144 or *0=12 

From (1) and (2), we can get 

a-/? = 1. 

Solving (1) and (3) simultaneously, we have 

a = 4 and /3 = 3 

Hence the roots of the equation are 4, 4, 3, 3. 

Alternative method. 

Let /(x) = z‘-14.r3 + 73* 2 -168*+144==0 

J'(x) = 4jc 1 — 42x 2 4- 146x 168 = 0 

/'(r)=0 can be written as : — 

2X 3 —21x 2 4-73x —84 = 0 
Let us find the common roots of the equations 

x k — 14x 3 4-73x 2 — 168x 4-144=0 
and 2 -r 3 —21.r 2 4 73.r-84 = 0 


( 1 ) 

( 2 ) 

(3) 
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2-7 


2 

2 


21 

14 


7 

7 


73 

_24 

-84 1 

1x2 

-14 

73 

— 168 

144J 

49 

— 84 

2 

— za 

146 

— 336 

288.1 

49 

-84 

2 

-21 

73 

- 84 


I 

X 


! 

— 7 

73 

-252 

288 

1 




x2 








—14 

146 ~ 

— 504 

576 



| 


— 14 

147 

-511 

588 





— 

1| - 1 

7 

-12 






1 

— 7 

12 



1 he H.C.F. is .c 2 7x4-12 which equated to zero gives 

x«=3, 4. 

Thus the roots of the original equation are 3, 3, 4, 4. 


EXERCISE 13 

1 . Solve the following equations : 


(<f) x s — 6 .r 2 -~ l lx — 6 = 0 ; the roots are in A.P. 

(h) x* 10x s —35.r _ 50x + 24 = 0, if the roots are in 

A.P. 


2 . 

3. 


(«•) x 3 ~7.r 2 4-14x —8 = 0 ; roots are in G.P. 

{<!) x 4 — 15.1" 1 — 70x 2 — 120x f-64 = 0 ; roots are in G.P. 

(c) Or 3 1 1 .r 2 — 6 x — 1 =0 ; roots are in H.P. 

IJ) 24.C* 50x 3 -{-35.r 2 lO.r-j- 1=0 ; roots are in H.P. 

Solve x 1 — 12r i + 49x 2 — 78x-[-40 = 0 having been given that 

a + P =Y + S. 

Solve x 4 — 6 x 3 — 7x- — 36r-f-36=0 having been given that 
a£ = yS. 


4. 


5 . 


Find all the roots of x*~ 25x 2 + 60a;— 36=0 where 

+y5 = 0. 

SoKe 15x 3 + 70^-120.r-4-64=0 having been 

hat latio of two of its roots is equal to the rati 
other two roots. 


given 
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6. Solve completely 

(a) x 3 -2x 2 -* + 2 = 0 

(b) x 3 —+ —3=0 

(c) x , 4-‘2x*—7x 2 —8x-f- 12=0 

• t being given that the sum of two of the roots ... each 

7 Twrroo«s r °of the equation .W+ 2 *W >=0 are 
equa, in magnitude ^-^“^^4 -0 having 

been given that « 

9. The sum of the two roots of the equation x —x j t 
is 2, solve it completely. 

10. Solve the following equations : 

(a) x>-9* 3 + 25x*-27*+ 10 = 0, given that <S =5. 

(b) 2x l + x*n 2x+ 1=0 given that = • 

«• Solve ^ T 7 x* + 36= 0 having been giver. thaytne root is 

double the otnei. v , 

12. Solve the equation 16.t--4,-4-48=0 hav.ng been 

•riven that product of two of its loots is o. 

,3. Solve the equation 4x>-24x>+3 l** + 6r-8 = 0 having been 
given that /3 = —o'-- 

14 Solve ar*-6x 2 fllx-6=0, given that a~2(J+l. 

15. Solve the equation x»_9x»+14x+24=0. two of whose 

roots are in the ratio 3 : 2 

16. Solve js«-6x* b 1 lx-6=0 having been given that 

v. — P = 1 • 

17. Two roots of the equation *’-2r* 1-6*- 12=0 are of the 

form solve it. 

18. Find the common roots oi 

x *-6x t +\\x-6 = 0,z*-7x 2 , 14x-8=0. 

19. Solve the following equations for equal roots 

(<i) x *-7^-\-\7x 2 - 17x4-6=0. 

( 1,) j*—7x* + 1 Ox 1 - 25x 2 4-16x-4 = 0. 
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20. (a) The equation 4x 3 — 8.r 2 -j- 5x — 1 = 0 has a pair of equal 
roots, solve it. 

(6) The equation 9x 3 — 24x 2 + 13x — 2=0 has a pair of equal 
roots, solve it. 

(c) Solve the equation x x -f 4-x 3 — 2x 2 — 12x-+-9=0 given that 
it has two pairs of equal roots. 

6*8. Finding; other conditions. 

We shall now find the relations between the coefficients of 
an equation when we are given the relation between its 
roots. 


Ex. 1. Find the condition in order that the sum of tu o roots 
of the equation 


«x 4 -f46x 3 -|- 6 cx- -j- Adx - b e =0 
is equal to the sum of other tuo roots. 

Sol. Here a-fp=y-fS. 

_4/, 

But a-f/3-f y-fi5 =-. 



a +3=Y+S= 



the given quartic can be decomposed as 

(**+*'*+* )( r '+~ *+ B )=°- 

where A = a/S and B = yS. 

This equation, on simplification, can be written as :— 

-+£*+[ A+B+ «rj* 

4--|^x(A+B)-bAB = 0 

Comparing the coefficients of this equation with those of the 
original equation we get :— 


a,b4 ! ^ 

a 


...(0 
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9/, 4 d 

f (A+B)--. 


AB = 


...(it) 

...(iii) 


a 


Eliminating A, B from (i), («) we hav e 

2d 4Z> 2 6c 

T + aT~ a 

2da* 4-46 3 =6a6c 
or a'd+W^Sabc 

which is the required condition. 

Ex. 2. Sfene that the {on,- roots of 

x * + px? i + rix* + rxA --■ ~ 
ie rdation ^ + 

Sol. Here » 0 +yS=K-(ray), 

«9 — YS = K 

Thus «P= K ca „ be written in the factorised 

form as given b el °« : _ nI + K)(I *_te-K> = 0 
whete .-.+ P a " d " =y+& 

This equation can be written as 

c^sasr-"- - ■“ 

original equation we hav e . 

a+b=-p 

ab = H 
K {u-b) = r 
K 2 = -« 

l-rom (i) and (Hi) 


..(i) 

.(ii) 

(in) 

.(»y) 


a = 


p, J— 

r+ 2 K. 


v 

2 


r 

2 K 


J06 
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Substituting these in (ii) we get 

2 K X-T~ 2 ir) = 


or 


K 

4 


4K 2 


= 7 


Substituting for K= in (io), we have : - 


/> 

‘4 


r- 


or 


4F=* 

p 7 S-\- f* = 4qs. 


Ex. 3. /'7/td f/ie condition, in order that 

ax* f 3/>:c 2 -f 3cx -f d = 0 

haS {i) a } >air °f e< J Ual r °ots (it) all the three roots equal. 
So!. (*) Let the roots of this equation be a, a. 0 .* 

« + a+0-_^ f or 0--(?_ +2a ) 

a * a + a .fl-fa. £ = —, or a 2 -f- 2 aj 8 = 3c 


a 


x . a . /?= — , or a *B=— d 

5 . a « 
substituting for 3 from (i) in («) we <r e t 


a 2 - 


! o 3c 
— a — 4a 2 =_ 

a a 


° r aa 2 J-26a+c = 0 

But -r = a satisfies the original equation 

aa# 'r 36a 2 -4-3ra-j-a =■ 0 
or «(«x 2 +26a+c)-{-fca* + 2ca-4-d = 0 

Substituting from (iv) here we get 

„ fca 2 4-2ca+<7=0 

rom (tv), (,,) by cross-multiplication. we get 

° a _ 2a _ l 


...<*•> 

...(ii) 

...(«*) 
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'2[hd-c*)_ {be-ad) 
or x — (be-ad) 2\ac-b*) 

The condition is 

(be —ad 2 )- A K ac-b 2 )\bd-c 2 ) 

;i») Let the roots of the equation be a, x, *. 

•. ax' 4- V>x 2 + 3cx+d=a[x-*) :l 
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■which gives 


3 _ 


w 2_ __ --- 

r.=-. * 2 = T • * a 




a 


or 




a 

lj — c =jL 

or „ T c 

.vhich is the required condition. 


c 

77 


d 

c. 


1. 


2 . 


EXERCISE 14 

Find the conditions in order that the r 1 ? ot ^ *£1°?. 

^-r3ax*-r36x + c-0 may be in (a) A.l. {» ^ 

Find the conditions in order that the sum of Uso 
of each of the following equations be /.cio. 

(a) 3? — i>x 2 +qx — r=® 

(b) z'-pjp+'ixt-rx r« = ° 

Find the conditions so that the roots of the cotton 

x* — p&+- rx+8 ~~ 0 

may be in («) A.P- (b) G P. 

If aft \-r8 = 0 for the equation 
x t-p#+qx*-rz + s=0 : 

find the condition for it. 

If the roots of the equation 


— '° ot 111 cach 

case. 
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6. If a-] P — 0 show that the quadratic equations in which* 
the equation x* — jpx z - s r qx 2 — rx-\-s = 0 can be resolved are 

# 2 + ~-=0 and x s — =0. 

7. If the roots of the equation a4— 3aa: 2 + 36a*—c 0 are in. 
A.P. show that these can be found from x —a = 0 and. 

x 2 — 2ax-f- —- =0 

a 

8. Find the condition in order that the roots of the equation. 

ax + bx 3 -\-cx 2 -{-dx+ e = 0 may be connected by the relation, 
a _ r 

g~* Hence solve the equation 

a^+15a^+70a: 2 +120a:+64=0 

9. Obtain the conditions in order that the equation 

c 4 + as 2 + k:4 c=0 

may have roots a, a, 0, 0. Hence solve the equation 
x* — 6ar* + 13a: 2 — 12x + 4=0 

10. Show that the conditions in order that the equation 

23+3H.c+G=0 

may have (t) two equal roots (ft) all the three roots equal 
are G 2 +4H 3 = 0 and G = H=0 respectively. 

11. H j/ 4 + 6H// 2 + 4G?/ + « 0 2 I —3H 2 = 0 has two pairs of equal 
roots, show- that G = 0, a 0 *I=12H 2 . 

T.^ e cu ^* c ^ a ' 3 9a 2 -; 12a:+7\=0 has two equal roots- 

Find 7\ and solve the equation completely. 

13. Find the condition if two of the roots of 

x* + ax 3 + bz?-\- cx + d =0 

are of the farm + i0. Also resolve it into two quadratic 
equations. 

14 ’ f00t f ° f tllC cc l l,a tion a- 3 4-crar+// = 0 is twice the 

io! ercnce the other Uvo » prove that one root is 
136 
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CHAPTER VII 

TRANSFORMATION OF EQUATIONS 

7 1, Sometimes we arc required to obtain an equation 
-whose roots are in some way or the other connected with the 
roots of a given equation. We shall take the given equation in 
general form as / (x) =0 and its roots as a, /?, *'»•••* P' 

7 11. To find an equation whose roots are equal in 
magnitude but opposite in sign to those of the given 
•equation f v x) = 0. 

Let y., P be the roots of/ (x)=0, so that 

z=ct, p, y> .. P 

We have to find an equation whose roots arc given by 

y=—v., — 3 , — y . —P- 

So // = — x or x=—y. 

the required equation is / (— //) = 0. 

Rule. Replace ' x' by ‘ — in Lhe original equation. 

7* ». To multiply the roots of a given equation by a 
constant 'm’. 

<o\. Here v, P are the roots of a given equation 
/ (x)-0 so that x = a‘. (i, y, P. We have to find an equation 
whose roots are given by y — my., mp, m y, .... /wP. 

Evidently // - >nx here or x = U -- 


the required equation is 



or If / (x) =a 0 x“ a l x" 1 -' r a z x n -‘ l + — 0 

ithen the required equation is 

a 0 ij*,'m " «,i/ M */•*" , + 2 +..-+ a rt-0* 

or a 0 y" + «,//" , m-i-a ; rV-(-...+a„i«"= ( )- 

Rule. Replace x' by •»/* in the original equation and introduce 

m rn 2 tfl < . in » as »xtra roejjicien's in t/te second, third, fourth... 

terms’respectively in the original equation . 
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7*3. To find the equation whose roots are reciprocal* 
of the roots of f (x) = 0. 

Here a;=a, £J, y, ...» P are the roots of the original equation- 
We have to find an equation whose roots are given by 




1 


P 


Thus w = — 
J x 


1 

or x= — 

U 


So the required equation is 


Rule. Replace, ‘.r’ by — in the original equation 

11 

Ex. 1. Find an equation whose roots are equal in magnitude 
but opposite, in sign to those of the equation 

2x b -{- 4.c‘ + ar 1 + 2 a:* + 3* — 7 = 0 

Sol. The required equation can be obtained on putting 
«=— y in the above equation. 

the required equation is 

- 2// 5 +4 y* -/f 4 2/r - 3// -7=0 

or 2// B —4 // 1 -f »/ 3 - - 2 y* 4* 3// 4- 7 = 0 

Ex. 2. Multiply the roots of the equation 

t 4 4 3.t J — r 2 4- T— 1 = 0 by 2. 

Sol. The required equation is 

y x 4- 3// 3 . 2-//* . 2=4-// . 2 3 -2‘=0 

or y* 4 6 y 3 - 4// 2 4 8// — 16= 0. 

Ex. 3. Find the least multiplier to multiply the roots of the 
equation a 4 — .hr 3 • >.r 2 — |a*4- = 0 so that all the coefficients 

are integral. Find the. transformed equation al'O. 

Sol Let us multiply the roots by m. therefore the trans¬ 
formed equation is 
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III 


or 


y 4 - 4 m • 'J* + m * * 2/2 “2*“ * m 




>J r 2 2 '3 ' 


Am - 

Here the least value of m should be equal to 6 so that the 
coefficient of the terms are integral. Therefore the requ.red 

transformed equation is 

y* _ 3 y 3 +4y* - 27y +108 =0 

Ex. 4. Solve the equation 6s 3 -1 l** + 6*-l =0 given that 
0* roots are in H.P. 

Sol. Let us find the equation whose roots are reciprocals o 
the roots of the above equation. For this put x = y in the 
said equation. This equation becomes 

+ J. -1=0 

y 3 ?/* V 

or y 3 —6y 2 4-1!»/—6=0 

The roots of this equation will be in A.P. now. 

Let these roots be a—d. a, a-\-d. 

sum ofroots=a — d-\-a-\-a-\-d = 6 
or 3a=6 or a = ‘2. 

So the mean root of the original equation is J. 
svnthetic division for the remaining two mots. 

A) 6 -n 6 -i 

3 —4 1 

2 


Employ 


8 


i 0 


The remaining two roots can be found from the quadratic 
equation 6.x*-8*+2=0 which gives *-l. 

Thus x = 

Ex 5 Solve the elation 3 r»- 16 **+ 2 :|r- 6-0 ha,-ho, 
Uen given that its <«9 roots ore reciprocals of each other. 


Sol. If* be a root of the original equation then 
a root of the same equation. 


also- 
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Substituting these we have 

3a 3 —I6x 2 -f 23x —6 =0 and 

3/a 3 - 16/a 2 4-23/a —6 = 0 
or 6a 3 — 23a 2 + 16a — 3 = 0 

Let us find the H.C.F. of 3a 3 -16x 2 + 23a — 6 and 
6a 3 —23a 2 + lbx — 3. This can be exhibited as follows :— 


3 

16 

23 - 

-6 16 

-23 

16 

- 3 

3 

10 

3 

! 

— 32 

46 

— 12 


— 6 

20 

6 1 3 I 

9 

— 30 

9 


— 6 

20 

»> 1 






X 

1 

3 

- 10 

3 


the H C.F is 3a 2 — l0x-f-3. 

So the common roots are given by 3a*— 10x4-3 = 0 which 
are 3, 

The third root of the original equation will be found by 
synthetic division and will be equal to 2. 

Thus ,r = 3, a. 2. 

EXERCISE 15 


1. Find the equations whose roots are opposite in signs to 
those o' the equations : — 

(„) x 1 — 3r 3 : 6.r=- *+-7=0 

(b) x*- 3a 3 - : 2.c + 0 = 0 

( ,q ,.A 4 -3 = 0 (it) 2 . 1 3 6.e-’4-.r—1 =0. 

2. Multiply the roots of 

(a) \ =0 by 3. 

(M ^jd + 4.r 3 2a —7 by 4 

3 Multiply the roots of the following equations in such a way 
that the coefficient of the highest term is unity and all 
other coefficients are integra’ : 
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(6) 16x 3 




4 If the roots of the equation ^- 6 *-+1 U-6-0 are 
rational numbers, show that they cannot be negat.ve. 

5. Transform, using least multiplier, the equation 

x ‘+^b X ' + ^b X * + a>h‘ * + ^ = ° 

,o one in which the coefficient of the highest power is unity 
and all other coefficients are integers. 

« Make the coefficient of the highest term unity and the 
mher coefficients integral in the equation 

1 Ox 5 - + 25=°- 

1. Solve the following equations having been given that their 

roots are in H.P. : 

(а) 24x 4 — 50x 3 4- 3 5x* — 10 x 4 - 1=0 

(б) 6 x 3 -Ux 8 -»-<>jc-1= 0 

c 105*-142**+6G*-8-0 W- *•>*?> 

8 The roots of the equation * 3 -3«.c 2 4-36x—c-0 are in 

c 

H.P., show that the mean root is - f) . 

o..i l I r J 4-21r 2 — 16x4-4 = 0 having 
9 ‘ betn e given are reciprocals of each other. 

10. Show that half of the roots of the equation 

6a: 1 -35^+62j: :! -35x+6=0 

are reciprocals of the other half. Show also that it can be 
solved by putting Find its roots. 

11 . Find the condition in order that the equation 

may also be sashed byo/— h* ^ 
that one of the roots in such 
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74 To 
number ‘h*. 


the roots of an equation hy a given 


Let a 0 x" 2 4-...4-a n =0 be an equation whose 
roots are a, p, Y , .... p. 

We have to find that equation whose roots are less by “A” 
than a, p, y,..., p. 

Therefore if x = a., (d, y,..., p, the new root y is a— h, £j—A 
y—h, .... p—h. 

Hence y — x — A or x= y - 4 - A. 

Substituting this in the original equation we get 

.+ a„ = 0. 

I.et the expanded form of this equation be 

A 0 '/” +Aj y»-' + A.,y' l - 2 + .-f-A n = 0 

• lf P u t .V = a—A here we shall get the original equation 
in j\ Making this substitution we get the original equation in 
x as A,/.r — hy -f-A,(^ -A )"- 1 4 -A.,(r— A)"~ 2 -f-...-f A„ =0 

Dividing this equation by (x—h) we get the quotient 
A 0 (-e— A)' 1 -' + A,(r- A)"* 2 -f- A.,(r- A)” -s -f-...-f-A 

required equa^'n)? f A * ° f * h * ««n.ib™,d or 

quotifnt n a? IVidin? thi4 qU ° tiCnl by U-/,) wc the second 

A n (.r A ) n ~' J -f- A j(.c — A)" ~ 3 -j-. 4 . A*., 

f CC ?' ul rcnaindcr as A„_, (the last but one co- 
efhcicnt o the required equation). So if this process be 

repeated till we get the last or the *th remainder as A then we 

have obtained the // remainders 

A 0 , A,, A 2 , A n 

which are the coellic ients of the required equation and in 
tins way wc can find the derured equation. 

• • ^.° te 'fhe successire divi.^ns <vr« h* carried out by synthetic 

<»*••»> can oho be calculated. ' ' the " v " ,re</ 
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In case we want to increase the roots by ‘ h ’ /re mml diminish 
the roots of the original equation by ‘ — h . 

Ex. 1. Diminish the roots of the equation 
x*—Sx 3 +\2x z — Q = 0 by 2. 



Explanation :— 

We divide the expression jr 4 — 8x 3 +12i= — 6 by (x—2). V\e 

obtain the quotient as x 4 -6*’+ 0x4 0 and the rrma.nder -6 
Again we divide jt-W+M 0 by (*-2) giving x*-4x-8 as 
quotient and —16 as lemainder. 

Thus proceeding in this way we get the successive re¬ 
mainders as — 6, — 16, — 12, 0, 1. 

Hence the transformed equation is 

yi+Oi/ 3 — 12t/ 2 — \6y —6=0 
or y*- 12 y*—16y—6=0 

where y= x —2. 

Ex 2. Diminish the roots of the equation 

jp3_4 x 2 +6x—18,984=0 by 28. 

Show that it has 2 complex roots. 

So.. We shall "ot dinnn^^^ 28 direct,^ asjt 
^iZh^ 1 " 20 firs? and then by 8. This is shown 

as under :— 
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1 

—4 

20 

6 

320 

— 18984 
6520 

1 

16 

20 

326 

720 

1 —12464 

J 12464 

1 

1 

36 

20 

| 56 

1 8 

| 1046 

1 512 

1558 
576 

i 0 

\ 

1 

• 

1 

1 

64 i 

2134 



8 i 



1 

72 

O 




80 



1 

f 


Explanation :— 

cq Jio C n n ar diminiSh thC r00tS by 20 we get the transformed 

x 3 + 56x 2 + 1046a:— 12464 = 0 

Then we again diminish the -oofs hv a . , _ 

transformed equation as -oots by 8, we get the final 

ar* + 80.e«-{-2134x=0 

Since the absolute of thU lift-.-*• - ^ 

equation has one root 0 or the original 1 * °* t ^ erefore th *s 
root 28. tlie on S lnal equation has one 

by V+8o7+^!lo°° tS ° f thC tran5f ° rmed equation are given 

Here discriminant = 803-4 2134 which is negative. 

Hence the transformed equation has 9 r^i 
original equation has also two complex roo“ P “ r °° tS ° r thc 

7-5. Removal of terms. 

Let the «th degree equation in .c be 

a o*' H- «,x" - 1 -j- a,x n - * -f _j. an= _o. 
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For diminishing its roots by h put y=x — h 


i ui uiiimiioiunQ - —-~ » 

or x=,j+h where ,/ is a root of the transformed equal,on 

which is 

a 0 (y+h)''+a l ( ! /-\-h)''- l +a,(!/ + h) n ' o -+ .' 

Expanding by Binomial Theorem and rearranging we get 

) a o h ~ + ("~ l)aih ~ a - J 

+. 

To remove its second term put 

a,/a„ 

nha 0 +a l =0 where h — - — 


or 


h= 


(Sum of the roots). 


(Degree of the equation) 

Substituting this value of/, in the above equation in V " c 

can get the transformed equation also. 

Similarly for removing its third term 

put o 0 /. 2 +(« — !)«,/'H «.=0- 


We can obtain two values of 7, from this and thus there can 

be two possible transformed equations. 

7 51. Removal of the second term of the cubic 

a 0 x : *-f 3a,xM- 3a 2 x-f a 3 = 0. 

Let us diminish the roots of this cubic by h so that the new 
equation in y is . 

a 0 ( y +A> 3 +3 ai (i/+/O s +3a*U/+/<>+"a=0 " hcrc 

y = (X — h). 

or a 0 y> + 3</W* + «i> + 3 //(a 0 /t 2 + 2a 1 /i + a.,) 

-H«„/t 3 + 3«,/<•- +3aJ/ -f « 3 ) = 0 
For tlie removal of its second term 

<i 

put a 0 h -fci,=0 


or h — — 
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the required equation in y becomes 

<) + — ■* ~ 3< Wo+°a°.’) =C 
°0 «0 


Put 


«o.V = 2 


or // = — 
a n 


So the new equation in z is 

z 3 + 3(a 2 a 0 — a , 2 -f- (2a , 3 — 3a 3 a,a 0 -f a 3 a 0 2 ) = 0 

Putting a 2 a„—a , 2 = H and 2a , 3 — 3a 2 a,a 0 -f a a a 0 *=G t 
the new equation in z is 

2 3 + 3He + G=0 


Also 


.7 2 °1 

x = y + h = - -— J 


a o (, o 


or a 0 x-\-a 1 =z. 

Note. I fa, /?, y are the roots of the equation 
a 0 x 3 + 3 a,x 2 -j- 3 o 2 x -f-a 3 = 0 , 
then the roots of the equation 

2 3 +3 Hc + G = 0 
are a 0 x-r< 4 j, a 0 ^-}-a,, n # v + a,. 

Again «„« + «, = ««[ * + 7-] 

<+3 ^7 ] = r[ 3 *-(°'+P+Y)] 
= -|"[ 2 a-3—,-]■ 

imilarly a 0 3 + a, = 3 ^2£-v-x 

°oY ~\~ a i == '3'[^2v— a — fi J- 
•\ the three roots of the equation ;*+3H: -f-G = 0 
are 3 ° (2«-3- y) , ^ (2?- Y -«), ^ (2 Y ~a-^). 


_«.r 

_ 3 L 


and 
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7-52. Removal of the second term of the quadratic 

a 0 x 4 + 4a,x 3 +6a 2 x 2 -j- la 3 x-}-a 4 =0. 

[Here the numerical co-efficients are the bmomtal co-effioents 

4 C„, «c„ 4 C 2 , 4 c 3 , 4 C 4 .) 

Let us diminish the roots of this equation by h so t at t e 

new equation in y is 

«o, / 4 4 .4t,3 (r , o fe + a 1 ) + 6f/ 2 (fl 0 'i 2 + 2a » ;i + a 2 ) 

+4y:aji* + ‘$a l h 2 + 3a 2 h+a 3 ) 

_J_ ( ao ^4 q_ 4r/ ,/t 3 + 6ri 2 //* - b 4fi 3 7< + n 4 ) = 0 

where y=x—li. 


a 


For the removal of its second term 


, 1 


... , «i herc we get the above equation 

On substituting /t« — ncrc b 

” A 


as :— 


/+6/(«A- a ,*) , , 3 - 3 »=". a » + 


r/ 


o 


+ l «, 3 


-b 


( _ 3 «,«- 4 - 6a 2 aSa n - 4a 3 "iV+^oL) = 0 


a 


or 


)+ l !> , (2a, 3 -3« 2 u,a 0 +« 3 u„ 2 ) 


+ 


J f-Sl^ao-a, 2 ) 2 +a 0 2 (3rt 2 *-4a 3 a I -|-aa«4)] 

«o 4 L . ^ 


= 0 


Put a 0 fl 2 -a, 2 =H, 2a 1 3 -3« 2 a 1 f/ 0 + « 3 '‘o 2 -G, 

3a 2 2 — 4f/ 3 a 1 b"o«i = 1 * 

the above equation becomes 

Gi/ 2 H 4i/G , [«o 21 — 3H *1 =0 


Putting «o!/ 


=2 or y = 


a 


o 


we havea t 'b6H2 2 -b4G=-b«o 21 3H2 °‘ 
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Also X = y-\-h = v/— - 1 =———- ! 

a 0 a 0 a 0 


or o 0 .r-fa 1 = 2. 

Note. If a, (5, y, 5 are the roots of the original equation 
then the roots of the equation in z are 

a o a -r-°i> o 0 y + a,, «o 5 + a i- 


Again 4«-h—* ~1 

4 L a 0 J 


= 4° [ 4 «-( a + ^-ry+S )J=-^[3a-^- y-8 J 

Similarly „ 0 [ 5 + 1 » 1 =*| [ 30- Y -S -«] t 

"oY + "i=-^ ? (^3 y —a —«J f 

a 0 S + « 1 = £-^35 — a — (J — yj, 

. • the four roots of the equation in z are 

v-s), “° ( 3 | 3 -y-S-«). 

4 (3 y -S-o-/3), ^(sS-a-p-y). 

Ex. 3. Transform the equation 

x*—Bx*+ x — 5=0 

* wto anotlier *« M f /«*cA Me second term is wanting. (P.6'. 7950) 

roots *by T ° rcmove the S€Cond term we must diminish the 

sum of roots 8 ^ 

degree of equation ~ ~4 ~ 2 ' 
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This can be shown as follows : 



Hence the transformed equation is 

y* - 24 y* - 63 y— 51 = 0 

where y=x — 2. 

Alternative method. We can remove the second tern 
with the help of the substitution y = a 0 .r » •a l also 

where a„= 1, ^—8) = — 2, 

y=x — 2 or x=y-\2. 

Substitute this in the original equation : 

(t/ + 2)*- 8(y l-2) 3 + (»/ + 2)-5 = 0 
or y 4 —24// 2 —63// —51 =0. 

Ex. 4. Transform the equation 

_ 4*3 _ 18*2 — 3x-f 2 = 0 

into one which shall leant the third term. ■ 

Sol. Let us diminish its roots by h so that the.new root 

y=x—h or x*=y-\-h. 

Substituting this in the original equation 
We have :— 

(y + h)* — 4(y-\ /e) 3 — 18(//4-//) 2 — 3{y- h) 4-2 = 6 

or ?/* + ?/ 8 [^^ — ^2/t 18] 

-j- ?/[4/t : * — 12 /i 2 — 367t — 3] 

— 4/t 3 — 18/t 2 —3/t -4-2) =0 
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Put 6 /t 2 — \2h —18=0 for the removal of the third term, 
•.giving h = 3, —1. 

the transformed equations are : 

(i) // 1 8 j ?/ 3 — Illy- 196 =0\ 

(« i) !/* — 8 ;y 3 4 8// 3 4-1 7// - 8 = 0 / 

Ex. 5. Reduce the cubic 2x 3 4-x 2 4-x4- 1 =0 to the form 

z z +az + b =0 
-where a, h are integers. 

T° remove the second term we must diminish the 
roots by J which is a fraction. To avoid fra;tions we multiply 
the original equation by 3 . 

Thus we have 6 c 3 -f-3 x 2 — 3.r + 3 = 0 

Here a n = 6 , a, = —1, a 2 = 1 n 3 =3. 

Put = =r/ 0 r-f a 1 = 6 a:— 1, 

lor the removal of the second term. So x=*^-^-. Substituting 

b 

•this in the original equation we have : 

2( 2 4-l) 3 (*+l)* l*+l). , n 

— 216~“ 36 +~6 +1=U 

or (c 4 -l) 3 - 3 ( 24 -l) 2 4 - 18 ( 2 -f 1)4-108 = 0 

or r» 4 - 1524 -124=0 

EXERCISE 16 

1. Diminish the roots of* 3 4-24z 2 4-30x4-18=0 by (—29). 

2 Diminish the roots of x 3 —32x 2 4-89x—58 =0 by 29. 

3. Find h for removing the third term from 

x 4 — 4x- 3 4- 6z 2 4-7x— 10=0. 

Also obtain"the transformed equation. 

4. Show that the same transformation removes the second and 

the fourth terms from 

*4 +12-r 3 4- 49x 2 4 - 78x4-40 = 0. 

Hence solve it. 
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.5. Use the least multiplier f» multiply the roots of 

R6 4x»-720x 3 4-210x 2 -25x+ 1=0 
so that the coefficient of x 1 is unity and all the other 
coefficients integral. Solve the resulting equation by di¬ 
minishing its roots suitably. Also find the roots of the 

original equation. 

'6. Reduce ax l -\-3bx 2 + 3cx + </ = 0 to the form ~ 3 + 3 H2 + G = °' 

7 The equation x‘- 10 x»+ 35 x«-50x4-24*0 has roots in A.P. 
Solve it by diminishing us roots suitably. 

*• “sot: Tby'^nini. 

shing its roots. 

-9. Find the condition in order that the second and ‘bird terms 
of the cubic a 0 3 x+3a,x 2 + 3o 2 x+a 3 =0 may be removed by 
the same transformation. , 

«• firms 

be removed by the same transformation. 

11. Diminish the roots of the equation ar> - 4* s +6.e - 1 8 9 14 = 0 
by 28. Hence show that the equation has 2 complex 

12. Diminish the roots of the cubic «••-<6W+ 

bv 55. What conclusions about the roots o S 

equation can you draw from the transformed equation. 

13. Solve the equation -6* + 1 lx-6 =0 by dinnmshmg .ts 
roots, its roots being in A.P. 

It. Multiply the roots of *’-3*«4-2r-6=0 by 2 and then 
diminish the roots of the resulting equation by 2. 

15. Multiply the roots of * 3 -r2x 2 + 8x+16=0 by * an ien 
increase the roots of the resulting equation by l. 

16. Employ the method of diminishing roots for resolving the 
following into partial fractions :— 

q * a*. 6 -+■ 7x 
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7*6. Formation of equations whose roots are func¬ 
tions of the roots of a given equation. 

Ex. 1. (a) If a, p, y, are the roots of the equation 

x 3 -ax 2 -\-bx—c =0 

find the equation whose roots are (i) a 2 , p 2 , y 2 (ti) a 3 , / 3 3 , y 3 * 

(b) Calculate a 3 -}-P 3 +y 3 awe? /0 3 y :, +Y 3 a 3 + a 3 8 3 /or the aboi>e- 
equation . ' J 

So1 (a), (») Let v/=a 2 , p 2 , Y 2 so that v/=.r 2 

or Vy =* 

Substituting this in the original equation we 1 ave 

y\J~y—ay+bs/-ff —c = 0 

or (y+i>)vj-=(»y+c). 

° r (y + b)*y = (ay-x-c ) 2 . 

or Z/ 3 + 2/ z (26 — a 2 )-f?/( 6 2 — 2 ac) — c 2 = 0 

which is the equation whose roots are a 2 , p 2 , y 2 . 

(o) Let y be a root of the required equation so that 

y=o}\ p n , y :i or y = x 3 or x = y 

Substituting in the original equation^we have 


y-ay* — c =o. 


i 


or y — c = ay 3 —^ 

Cubing both sides we have :— 

(?/—r) 3 = a3/ / >— b 3 y—3aby(y —c) 
or y 3 —(3c-f « 3 —3 . a/>)t/*-}-(3c 2 -{- b 3 — 3abc)y— c 3 
(b) The equation whose roots are a 3 , p 3 , y 3 is 
V 3 — (3c + a 3 - 3ab )y* f (3r 2 + b 3 - 3 abc )y-c 3 = 0. 

a^ P 3 +Y3= _coefr.^ = (3c+a3 _ 3ai) 

AU° «VP+/SV+ T V= coeiT;v’ = (3rH,, - 3a6c ' 


=Ck 
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. 2. If a, b, c, are the roots of the equation x :i -\-qx-\-r — 0, 
form the eqnation u'hose roots an 


b -f c r -f a a -f b 
b- ' 


or 


c- 


(P U. It)40) 


Sol. Let y be a root ol the required equation so that 



I, + C C- r a 

a-\-b 



y 2 9 * 2 * 

a- o- 

o ’ * 

c- 


or 

(a + 6-r-c) — a 

(a +b-rc)—b 

(a-f-6+c) -c 

y — o > 

a* 

b 2 

c 2 


— a — h 

— c 


or 

y= (l 2 > -&• ~ 

7* 

[v a-J-k + r = 0] 


i i 

1 


or 

y= -. — 

a 0 

c 


/it 

1 

f I - , C\T‘ 

1 



(J - UI 

* X 

y 



Substituting this in the original equation we get ;— 

- V- +r-0 
y 3 y 

or ry'—yy 1 — 1=0. 

Ex. 3. //a, 'i, v are the roots of the equation 


z i--2x 2 ±3x+\=0 

1 1 


form an e/iuation whose roots are — — —_— —^ 

J y y 3 a 3 

Sol Here !/ = -L + , etc. 


— ~, e/e. 


or 


or 


a 


r i . i . i 3 n 2,3 

* L a 3 + > ‘ Y* «J»yJ « 3 + ajtfY* C ’ 

--L) 

v <* 3 V A a 2 ' fi 2 ' Y* *£ 0Y Y a ' 


a 3 


etr. 



126 


A TEXT BOOK. OF ALGEBRA 


or 


»=(t + -V + y)[CI + y ) 


- 3 (i + r Y + i)] 


2+4 .etc- 


a 


Py 


or 




/ 1 ■ 1_ i_ _L_ A — + 

\a/3 ' T* ' * 


, e:c. 


or 


(a Y + ya + a/3 ) 3 _ 3( ±Y^± «fl)( « + P + *> 

(spy ) 3 («£y ) 2 


3 2 

+ a3 . ctc . 


or 


27 3(3)(-2)j. 3_J2 

= — 1 • / 1 \ — 


2/ = ITI 


1 


or 


y =-12--3 


or 


(-i) 

x 3 =- 


, etc. 


12 + t, 


2 ' * 


or * _ (l2 + t/) 

Substituting this in the original equation we have : 


* 


12 + i/ 




or y+10=3(2)^ (12 + t/) 5 —2(2) 3 (12 + y)* . 
or (!/ +10) 3 =54(12+y) 2 -32(12+t/) 

—36(l2+y)(?/+10). 
or ^ + 12^-172*/- 2072 = 0 

Alternative method. Let us, first of all, find an equatiot 

1 1 1 111 


a 


Oi- - V 3- Suppose = 

l J l 


/3 3 ’ Y 


whose roots are 
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Therefore 2 = or Substituting this in the original 

x J 2 

1 . o-i I Q,2/3 • ,_ r\ 


equation 

12 3 

we get— + ^ 3 + 71/3 + 1 = 

or 

2z^ + 3z* / 3 =-(z+l) 

or 

(2z* + 3z*'V = — ( 2 +1 ) 3 

•« 

or 

82 + 27z*+18z(22* + 3z t ) = 

or 

82 + 272 *+1 82 X —(2 + i) = 

or 

2 3+12z2_72+l = 


' -l 


...(!> 


or 


or 


U ~^~ + P 3 Y 3 


1,1,1 

!/ — a 3 + 03 + + 

- 2 etc 

Y 3 

y-12-2: [v 

1 +i_ 

a 3 

1 

CM 

i 



from (i 


-1 




2 


Substituting this in (t) we have :— 

(12 + y)* . 12( 12 + ?/)* . 7 ( 12-f-y) , , _ n 
-8-+ 4 ' 2 

or {y+ 12) 3 — 24(y 4-12)*—28(y+12)—8=0 

or »/ 3 +12//*— 172y—2072=0 

Ex. 4. If a, P. y* * 7 ' e ro °^ //,e 

r'-3i*4a:+ 1 = 0 

yirtt/ an '({nation irho e roots are a- — £*y, A* — Y a » : a ^' ^ 

eva’uate a : ‘ + p 3 + Y 3 - 35t ?Y- 
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Sol. 


Let y= a 3 —£y» P 2 —ya» y 2 —a.3 

a 3 — a B's 

•—“ . etc. 


i/ = 


!/= 




But 3 ?+\ =3x 2 —X from the original equation 
Substituting this in the equation (i) we get 

y= ?-?=*= 3x-l 


x = 


. 7+1 


Substituting this in the original equation we have 

(j/+l) a __ 3(y+l) a . (y+1) ; , n 

27 9 3 

or ( 7 +1 ) 3 — 9(y +1 > 2 +9(i/+ l)+ 27 = 0 
or y 3 —6»/ 2 —6f/ + 28 =0 

Again (a-—/?y) -f- (3 2 —yat) 4- (y 2 —a/?) = 6 

j But a + /J + y = 3. 

: . a 3 + 0 3 + y 3 — 3 a3y = (a + £ +y) { a 2 + P 2 +y 2 —a £—py—Y*> 

or a 3 + P 3 y* = 3a Sy + (a j9+y ){a 2 — 3y + ya+y 2 —«£} 

= -3 —3(6)= 15. 

7*61. Equation of squared differences. 

If p, y, be the roots of the equation y 3 -f 3 Hj/+G= 0> to 
find an equation whose roots arc (/3—y) s , (y — «) 2 * (<* P) • 

Let z = (B— y) 8 , (y— «)*, (a— £) 3 . 

Now z = (B -4-y ) 3 —ipy> etc. ' 

= =ta-r/9 + y — a ) 2 ——— ptp 


, etc. 


-- = (0 — a) 2 -f 


4G 


, etc. 


-=// 2 4 


4G 


or 2/==2/®+4G 


...(•) 
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Trom the original equation y 3 =— 3Hy — G. 

Substituting this in (i) we have 
yz — — 3H//— G-f 4G 


or 


y= 


3G 


z+3H ‘ 

Substituting this value of // in the original equation we get 

+ G = 0 


27G 3 


9GH 
(= + 3H) 


or 

or 


G~3H) 3 - 
(2-4-3H) 3 -r9H(z-f-3H) 2 -f-27G 2 =0. 
z 3 + 18H^ 2 -f-81 H 2 2 + 27(G 2 --4H 3 ) = 0. 


Ex. 5. Find the equation of squared differences for the cubic 
9a^-f 3ar 2 —5x-f 1 =0. What conclusion do you draw for the roots 
of this equation ? 

Sol. Let the roots of the given equation be a, (3, y. Com¬ 
paring it with the equation 

o 0 x 3 4- 3a x x 9 -f 3u 2 x -f a 3 = 0 
we get o 0 =\), a t =\, a 2 = I, o 3 =l. 

z — 1 

Put 2 b UqX 4- »J = 9x -f- 1 or x = — for the removal 


of its second term. 


Substituting this value of x in the original equation we 
have 





+ 1=0. 


or 

or 

Here 

Let 


(-_1) 3 4-3(2— l) 2 — 45(2-1)4-81=0 

2 3 — 48^4-128 = 0 

2 = 9a 4-1» 9/?4-l» 9y —L 

t = (a-/3)*. (p-Y) 2 * — 


• • • 
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or 

or 


or 

or 
But 


r (9«+l)-l?£±!> J, etc . 

81 f=[(9*4-1 )+(9p+1 )]*- 4(9* +1 )(9^+1). etc- 
8U=[(9«+ 1J-K9P+ 1 )(9 y+ 1)-<9*+ 1 >1 ! 

-4[9 a+ll(9P4-l)(9T + U etc. 

(Oy+U 

. 4x128 

8U=lO-=] 2 +--- 

81tz=z 3 -f 512 

z 3=482 —128 from (i). 


Substituting for z 3 in (it) wc get 

8 U~ = 48z-r 384 or z= 


384 

8 It—48 


or 


128 

““ 274—16 

Substituting this value of z in (*), we get 

/ l 28 V_4ft ( —_^4-128=0 

C-^rne; 48 U7t-ie;^ 


or 

or 


or 

or 

or 


...(»*) 


(2 7t —16) 3 —48(27t —16) 2 -+-(128) 2 =0. 

2 7 3f3+[—3.27 2 .16 —48.27 2 ]t 2 

4 [3.27.16=4-48.2.27.16]i 

+ t __16 3 - 48.16 2 4-128 2 ]=0 

273^3 —95.27 2 t 2 -f-27.16 2 .9.t 

4-16=[8=— 48—16]=0. 

27 a t®—96 27=Y 2 427.16 2 .9.t=0. 

0 W 3 —288^=4-256/ =0. „ f .. 

Now the equation has one root 'O'. Therefore one of the 

roots (P-T)"-. <Y—0* «zero. 

Let(a-^) 2 =0 or a = p. So the original equation has 

two equal roots. 
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EXERCISE 17 


1. If P, Y arc 'he roots 

2 * + 3x t +2x+\=Q 


find the equation whose roots are 

/3+y* a » a + P- 

2. If a, (3, y are the roots of 

2* 3 + 3x 2 — *4-3 = 0 


find the equation whose roots are 

* + jSv’ Y+ «fi • 

3. If a, p, y, 8 are the roots of the equation 

x* + 2X 3 + 6x ? — x + 3 = 0 

find the equation whose roots are (i) a “» ^ , v 
(it) a 3 , (3 3 , y 3 . 6 3 . 



4. If a, 0, y he the roots of the equation 

:H3H: + G = 0 

find the equation whose roots arc a 3 , 0 3 , y 3 » llcnce obtain 
the value of 

(i) a 3 + p 3 + Y 3 . (»*) a- 3 + ^‘ 3 + Y' 3 * 

5. If a, b, c are the roots of the equation x 3 —3x4-2 = 0, find 

the equation whose roots are 6 3 -f e 3 a 1 , etc. 

6 . If a, y are the roots of the equation 

2x 3 + 3x-r 1=0 


find the value of 

(0 ((S+y)(Y+«)( a +. ri > 

(it) (p-i-Y — 2oc)(y + a-20)(«-K* “ 2 y) 

(Hi) (a^-* r 2 )(P>-a 2 )( T a-{i 2 ) 

(ir) (l + a 2 )^l+/3 2 )(l+Y 2 )- 
7. If a, /?, y are 'he roots of the equation 

ax 3 4- 36x 2 3cx -r rf=0, 

find the equation whose roots are 

(P-y)*» (y— a ) 2 * (*-?>*• 
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8 . If ot, P, y are the roots of the equation 

ar»—9x 2 +6a:+2=0 





find the equation whose roots are 

(P—y) 2 * (y— a ) 2 * ( a _ P) 2 * 

Also discuss the nature of roots of the given equation. 

If «, p, y, S are the roots of the equation x*+x*—z-\- 1 =0, 
evaluate : — 

(a) (l+«*)(! f/W+Y^+f) 

(5) (apy + oipS-rayS — 0Y 8 )+ 0Y S — “Y^J 

X (a^y-h/S yS- h «Y S — a ? 5 )( a ? 8 + a V S +^Y S - a PY) 

If a, R. v are the roots of the equation 

x 3 -r«x+6 = 0 

find the value of w . 

(PY+Y* _ a 0)(Y a + a P — Py)(*P + ^Y - ;Y a ) 

Given that a, 3, y are the roots of the equation 

x 3 +ax + b= 0, 

form the equations whose roots are 



<ui) a 2 -}-, etc. 

a 


(ir) a 3 —2, 0 3 -2, y 3 ~ 2 - 

12. Given that ot, 3, y are the roots of the equation 

x 3_4x 2 + 8x -|-l=0 

l 

Y 


form the equation whose roots are etc, 


If a 3, y are the roots of the equation 
’ P ' 1 x 3 +3a*-}-2=0 

form the equation whose roots are 

(i) (.-w-y). (P-y)(P—). /955] 

(ti) Hence discuss the nature of the roots of the 
given equation. 


CHAPTER VIII 
SYMMETRIC FUNCTIONS 


8.1. Definitions. 

A symmetric function of the roots of an equation is 
that function in which the roots occur in such a way 
that the expression containing these roots remains 
unaltered when any two of these roots are interchange 

Consider/(a, S, y) = a 3 -fp 3 +vM + y«)4-3(a4-f4 + Y) 

Suppose that a. (i are interchanged then the new expression 
obtained is/ (0, a, y)= p 3 4-a 3 4-Y 3 + 2(/3a + <*Y +Y0) 4-3(/34- a 4-Y> 


This new expression is identical with the original expression. 

Therefore the original [expression /(or, p, y) is called a symme¬ 
tric function. 


For the sake of convenience we denote or 3 4- £ J 4 Y s b V - a *’ 

ot Q 4~/3y4"ya by £o{S and «4P+Y h Y *«•, T , her ^ for Q e * lhc above 

symmetric function can be written as 2« H-2s«^4-3ior. 


Conversely, if we are given a symmetric function in terms 

of 2 we can write it in full. 

For example, 2« 2 0 f v a /? of the four roots a, p, y, 5 can be 


written as 

<a 8 /3+a'Y+° 28 +P' 0 + /3‘V+( J!8 + Tr' , * + Y s / 3 +V i + & a S 
+ 8 'Y) + («|3+ay+a8+^Y+P 8 +Y 8 )- . 

When the decree of each term in a symmetric function .s 
the same the symmetric function is said to be homogeneous 
and when the degrees of terms change ,t ts called non homo- 


e n /(*. P, Y. S) = a'pY + « , P 8 +* , Y S + ' 3! «-r + ^ 0,5 + [i? ' r5 

+- f Vp +Y*« 8 +■y 2 /3 s + 82 »? + S ’«Y -!■ 
is called a homogeneous symmetric function of-Ith degree. 
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We know already the relations between the roots and 

coefficients of an equation. If a. % y,.* p are the roots ° 

the equation 

a 0 x n -\-a l x n - x -\-a. i x n - 2 + . + a n =0 then 


a-f /3+y+ 

a!i-f-,3y+Y a -T- 


q-P=Sa = — 


— T.ajS — + 


«o 

a» 


» 


> 


a3y-r<xjS3 + 



» 


a3y8.P = ( — !)”• * 

These symmetric functions a.e called elementary symme- 
trie functions. 

8* 11. To evaluate a symmetric function, we must 
express it in terms of elementary symmetric functions 
of the roots of an equation and then substitute the 
values of these functions. 

Ex. 1. Jf a, p, y are the roots of the equation x 3 — ax? + bx 
— c=o find the values of 

(t) a 2 - 4 -/ 3 *-b Y 2 !«> a 3 + ? a +Y 3 * 

Sol. Here 7. + p+y=o, 
a 3 -r/Sy + ya = ^» 

ap Y = c - 

(i) Now a 2 4-.tf s + Y 2 = (*-f /3-fy) 2 -2(a^ + ^Y+ya) 

=a 2 —26. 

til) Also a 3 -b3 3 + y 3 — 3apy 

= (a + ^-by)(a 2 + ^ 2 + y 2 —Py~ Y«— a ^) 

or a 3 + 3 3 + Y 3 =3aj3y-4-(a+S-bY)[(a + ^+y) 2 —3(ap + Py+ya)] 

= 3c + a(a 2 — 36) = a 3 —3 ah -f-3c. 
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Note —If we use S notation we can write the above process 
as follows :— 

2a = a, apy—C. 

Sa s = (i:o) 2 -3S«3=a ! -2b. 

Also S« 3 -3ap Y = (2 !I H i ' a2 - S/3Y) 2> 
or 2a 3=3^ Y 4-;Sa)t(2« )—3120YH 

" = 3c+«K-36)=« s - 3^+ 3c - , 

% * rt rY if we can avoid writingj 
\Ve must try to use sigma as by usi 0 

many terms. 

Alternative Method {for (»«)}. 

We know that - a==a 

oc | ^ ^ _ y 

1I s +/ 3s + 3<.p(a + ?)=« 3 —r 3 - 3a Y[ a " Y ' 

ra 3 = a s _ 3aS«y3+3*^Y = “ 3 - 3afc + 3C ‘ 

2 . fW Me eolue of 2« J (J /or Me biquadrat,c 

x 4_ i , x 3 + r/x 2...rx + s=0 

Sol. We know that «*0«Xa0. 

„ .lot v«*ft will be contained in tnc 

expa^n h of r fe^ P Also by “actual tuultiplication 

(Xa)(2a^) = 2;a 2 p-k3SapY 

2a 2 ^ = (2a)(S*^)- 3 (2«PY )—W 
0f r 3 i nr2 4-f/r4-r' = 0 fiiul the 

Ex. 3. 7/ a, p, Y* are ‘ ,<e r00 * s X +P 1 (F.U. 1956 S.) 

value of £ a* p 2 . 3 2 _ i* B « # We therefore expect 

thafva^'wU^be contained in (siXSoW- 

Va 3 /3 2 = (ra)(ra 2 /3 2 )-SMV) 

or S a^ = -p[« 3 -2rpl+r'y = -OT + 2 ^ '+ ' 


or 

or 

or 

or 
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Ex. 4. If a, b, c are the roots of the equation 

x*+px*-\-qx-\-r =0 


find the value of 



Sol. The expression can be written as 






, 27 V 

S*c > 

1 , 4r/ , 

r Sa 

\ , 8 ~l 

L r 3 


a6c > 


v. a6c 

)+ „4c J 

—r.* 1 . 

+ 2q : , 


+*«(' 

-3» > 

)+ 8 1 

L r3 

r 2 


r \ 

—r / 

' ( - r ) J 

II 

1 

1 

Ui % 

+ 

4^ 

■fcis 

_ 8 

r 

] 



__7 3 + 8r 2 

— 4 })<{>■ 






r3 




SYMMETRIC FUNCTIONS 

5. If «, p. Y ^ ffcc roof, of the equation 

a^r 3 -j- 3 a^ - 3a.>x-ra 3 —0 

find the value of a 0 2 S(2a — P - yU 2 ? — ‘ s *\’o v ff \( 3 ft. 

Sol. ^ S (2a-P-YK2P-Y—)=«o- S ‘ 31 — aUJ!J 

= «o 2 z( 3«+ -IT^X ) 

=92(a o a4-a 1 Ka o 0 + 

-9S[fl 0 *»P + ^il a + P ) f ' 1 "“‘L, 

=9[a 2 0 2aP + «o« i^( a + + a 1 “ 

=9[a 0 2 ^x/3"f r, o“i x 2 ~ a ^ Ul X 

= 9 [«„* X x + 3a ' s ] 

=27[a 2 a - -«.*3- 

Alternative Method. 

If we transform 

a o x^3a l x^3a 2 x-[-a^0 

23+3H2+G =0 then ~='W a 

z = a 0 « + a 1 , a 0 p■+•«,. «oY-3- a »* 

Hence 2(a 0 a + a t)( a oP— a i )s=3H * 

Therefore the expression is . 

9x 3H=27H where H = 

Ex. 6. If a, 0. Y rooM o/ <fc * 

*® + p**-M* + r * 0 

yini the value of 

P 2 +y 2 


U7 


•r«) 


to 


Y * + a* «* + P* 

P+Y + Y + * a + ^ 

20 y 


(/v.r/. 796^ 


So* *(^q£)” S ( P + Y_ P+y) 


=2( P+ Y.-2S ( 5Ty) = 2S “ - 2 X (p+v) 
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1 38 


- 2 *- a *^r-*(-*>+** ^ 


= —2p-i-2rv 


7 — P'( 

= _ 2 „ +2l . s (_^_) 

a 


= —2p + 2rv 


a 


qx — a ( 3 Y 


= - 2/ ,. f2r [- 


,3 


+ r+7?} 


rya ’ r-j-qfi ' r-f Yg 

The given symmetric function is equal to 




-2»+2rf_S«(r+ g p)(r-f gY ) 

L r 3 + »- 2 7S a + rq a 0 -f g 3 

= ~2»4-2rr g{ , ‘ 2 «T7 r («3 + ay)4-7 2 a/8Yl~] 

L ra + ^7^a + r g 2 2a3-l-7WY J 

= —2n-}-2rP r *2a-|-2 g r2a i 04-3 g 2 a^y_ “1 

Lr 3 -f r 2 g Sa-fr g 2 2'a0-f g 3 a 0v J 

= _ 2 » — 2 r r - r >T2 g V-3 g 2 r -| 

L r 3 — g -V J 

(pr- g ^ 

J l r "—pir) 


- 2 p+ 2r [_ 


= — 2pr 4-2p’ g - 2/>r - 2 g 2 ^ 2fp 2 g - g 2 _ 2pr j 
r ~T H l [r — y; g ] 

EXERCISE 18 

’1. Evaluate (*) £<x 2 £ («) 23 a 2 , f (tYi) ( £ , w , w 

(u-) Sa 2 0 2 , having given that a, 0 , Y are the roots of^the 
equation a : 3 — j?x 2 -f- g .rH-r = 0 . 

-2. Calculate the value of 

0 
T 

where a, 0 . Y are the roots of the equation x a -f 3 x-i- 2=0 
Also find the value of (/?—f) 2 ( Y _a) 2 (a_ f$)*. ' 


3 ' a ' Y ' 3 + a 
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3. If a, (3, y> 8 are the roots of the e 9 uation x x -\-px i -\-qx-\r r 0 
find the values of 

(i) Y a 2 p Y (i») 2« f PV (»*> 2« 3 (iv) sO + y + S) 2 - 

4 Given that a, p, Y» 8 are the roots of 

x l -\-px l -\qx-\-r—0 evaluate (a'--f 4H/3 2 4-4 )(y 2 + 4 K 8 

5. If a, p, y> 5 be the roots of the equation 

a 0 x* + 4a 1 .r 3 — 6a 2 x 2 + 4a 3 x + a* = 0 
find the values of (a) S(a — P) 2 (&) 2<*P(Y —8 ) 

>6. Find the values of (a) 2 <x£(y — 8) 2 ( 8 ) 

a, p, y» S are t,le roots °f thc equation .c 4 f 1 ,L 

7. If a, p, y be the roots of the equation .r’ + aaH ' 8 — 0 bud 

value of (p-f Y)(Y + a K« + ^)' 

8. If * 0, Y are the roots of the equation^ r>- ■ pz«+«x-r = 0 

obtain the value of («*-?Y ){B i -y%)(Y‘—*P)- 

9. Obtain the value of 2**0 for the biquadratic 

x 4 -j- px?-\- fjx 2 + rx + S = 0. 

10. If a, 6. y» S arc tbe roots of the equation 

^4 q_ +7+ r;c + S = 0 

find the value of 

(a0 + Y SH/3Y + «S)+WY+ aS,( I rI + PS)+(Ya+ ^ S>la|3+Y5 ' 




Show that 

(a -/m/3-Y) 2 (Y-*) 2 =° f 

for the cubic x 3 — 12 x 2 + 36r—32— 4a 

about the roots can you draw from tins lact . 

If a, p, Y (all real) are the roots of the equation 


conclusion 


x 3 — ax 2 -\-bx — c — 0 

prove that the area of the A of which the lengths oi 
are /?, Y is i ^a<4ab -V-8c) Also prove that 

condition for the A to be n 8 ht an 8 lcd ,s 

(4ab — a 3 — 8 c)(a 2 — 2 b) = Hc 2 . 


sides 

the 
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8'2. Newton's Method of finding the sum of powers of” 
the roots of an equation. 

Let f(x)=a ( pc n -f a,a; ,J ” 1 4-aiX n 2 -f.-fff n =0 be an equation- 

having n roots as a, f3, y, S . p. We have to find expressions 

for 2a, 2« 2 , Sa 3 ,.. etc. in terms of the coefficients of the 

equation. We know that these are all symmetric functions of 
the roots of the above equation. Let us denote 2<, 2a 2 , So 3 ,— 
...by S,, S 2 , S 3 ,.respectively. 

Now f(x)=a 0 (x—*}(x—p)(x— y)(ar— P) 

or log /(*) = log « 0 + log(.r —a) + log(x-fi)-Mog (x-y) 

-r.-flog (x — p) 

Differentiating both sides with repect to x we have 


/'(*) 


f(x) = x —a ~^x— p ^x— -v 

° r 

fix) 


-f 


f 


1 

1 X—p 

f(x) 

x — p 


" e can find with the help of synthetic division as 


follows 



°o "i a 2 u 3 

"o a2 H"«i a Ooa a -fa 

__ -f 

°o «o a 4-«i u 0 a 2 -fo,a a^-fflqa 2 




+ «. +a 2 af n ; 


*• x"~a =a ° r " 1 + («o*4«r 1 )*»-»+(rr 0 « 8 +<?,a + a a )a;-| 


-L-W-3 




' imilarly 
/(*) 


. r ^ = "o*" _1 + (a 0 3 + o I 'x'- 2 f (-f « 2 )x” - 3 


S(x) 

= 1 a o *"~ l -f («„► + «, >.r 


/i-2 


\ a oP 2 + CT iP-r«*)« 


n—3 


















SYMMETRIC FUNCTIONS 


141 


Adding these /i expressions vertically we have 

/<*> , /(*!_, .+.1G*I 

x—a • x — x p 

+ [a 0 S 3 + a t S 8 + « a Si + Hflalx"- 4 +. 

The left hand side of this expression is the value ot 
f'(x) add f’(x) = na 0 x n - 1 + (n—\)a k x n 2 

-f(n—2)a 1 x'»- 3 +. 

On equating the coefficients of the terms involving the same 
powers of x on both sides we get . 

«o^id _a i == ® 

a 0 S 2 +«iSi + 2m 2 = 0 

«oS3 + «iS 2 +aaS 1 + 3a 3 =0 

- 0 S r +a 1 S,-,+« a S r -t+.+«,-,S + ra, = 0 

-where r^n. 

From these we can find S„ S„ S 3 .successively. 

If r>n. i.e. if r=.t+l, »+2. « + 3.we proceed as 

follows : — 

Multiplying the given equation by * and writing *=«. P. Y. 
. . p in the equation thus obtained we get 

f< 0 a' ,+l 4-<q«" h.4-«„a = 0 

,/ o 0 '“- , - t -«,/ 3 "+. +«„£«* 0 

rt 0 r'* +I +«|r"d-.+ w *» rs=0 


a 0 P' ,+1 + «iP" 4-. -h«nP— 0 

Adding these vertically we have 

n„S„ tl + a,S„+.+«S,=0 
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Similarly we get in the similar manner that 

ao S n+2 +t-floSn +.^"o 2 Zn 

a 0 S « + 3 + »l S n ►» + ° 2 S n+l +.+«nS 3 - » 


O 0 Sr + a l S r-X + a 2 S r-3 +.4"O n S r _ n -0 

where r > w. . . 

From these we can find S. M , S„«.S r successively. _ 

8 3. Alternative method for finding the sum of the- 
powers of the roots of an equation. 

Let Ux)=aoX" +a 1 x»- 1 -f-a 2 a:'‘- 2 -|'.-+-a n =0 

be an equation having n roots as a, (3, y> s ». p > so tnat 

Takfng logarithm and differentiating both sides with respect 
to x , we get 

r*L_L . _L + _*—h.+ —— 

f(x) ~x-<x + x-p^x-y x — P 

If 1 1 1 

= X I 


l0-T) + 0-S) + *-i-) + 


+ 


(i-4)j 

■icc-fr^-ir-tc-j-r 

+ t '~n 


-t[(' + ^- + s + -s+.) 


+ 


O 


X 

p 


+ 


X ■ X s 


+ 


) 


+(‘+^+£+£+.)+• 

+r i+ i" + "^' + ^ + .)i 
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= _Lr »4-i-(a + P+Y +. p ) 

x L x ^ 

+ _l(a"- + |3 2 +-r+.+ pS ) 

+ J 3 (a 3 +0 3 +r>+. p3 ) + .] 

_ ?L + s ^ +-“-+ 2 “* +. 

T “ • 7, i —•••>••— 

ii'/» - /•<-> - rz:;: a 

<«> Divide/ (■) by /(x) till the term comammg 
in the quotient. 

„ • 1 will give the sum of the 

(iii ) Then the coell.cient of ^ - 

nh powers of the roots of the equation 

Note. (1) The above “in 

order^Q 1 find ST sum SfT P»««" ° f "" ““ 

adopt the same method after substituting - for a in /(*> 0. 

This has been explained below. 

(2) The student is advised to ^ 

jr y C a h d°o d pt“ng h uTn U8 pSe of .ETone explained under Article 82. 
F* 1 Find S 3 from the equation 

Sol. Hence /(x)Sx 3 -* 2 +3x-2==0 

/'(x)»3x 2 — 2.r+3=0 
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Now in order to find S 3 , we have to find the coefficient of 

JL by dividing f'{x) by f(x). The process has been given 
x 4 

below :— 

^_ x 2 + 3x-2 )~3i*—2*+3"(' 3/x+l/x 2 -5/.r»—2s/.r 4 -b. 

3* 2 -3x4 9- — 

X 

x — 6 + — 
x 


i-l + 







Now the coefficient ol is —2 
• • 0 _ 3 — - 

Example 2. Find S- 2 from x* — x 2 + 3x — 2 = 0. 


Sol. Hence /(x)=.r 3 —x 2 -{-3.e —2=0 

./ 1 \ l 1 3 n n 

-~y i + ~y 2 “ 


=2^-3,/*+.,/-1 

/'(-?-)=6y-6j,+ l = 0 


0 


and 
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Now S_ 2 will be the coefficient of by dividing /'( y ) 

by The division is shown below : 

__/ 3 3 5 

2j 3 — 3i/ 2 +1/— 1 ) 6y 2 -6y+\ y 3 


6y 2 -9y-\-3- 
3 / — 2 -}- 


y 

3 

y 

3_ 

y 


9 3 2 

3 y- 2 “2i/ 2 


2 + 2y + 2t/ a 

5 __ 15 4 5 _ * 

2 4 // 4?/ a 4i/ J 


The coefficient of X, is which gives S-„. 

Ex. 1. Find tfie value of 8 t far the equation, 

x 6 +‘2x 3 + x 2 —\=0. 

Sol Here a 0 =l, «i^=°» "* = 2> a 3 = 1 • n * * °' — ' * 

Substituting these in the equations 
tfoSi + «i = 0 * a « S * + " lS > ^ 2a 2 = 0, 

o„% + a,S 2 +<' 2 S.+ 3 "==°- «„S,4 «.S,+o.SH o ;1 S 1 + 4o,= 

Therefore S.-O. S. 2+ 4=0. S 3 f 2S, f 3 = 0, 

S. + 2S s + S, = 0. 

From these S,= 0, S 2 =— 4, S 3 = -3, - »• 


0 
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Ex. 2. Find S 5 for the cubic x s — 6x z + 1 la:— 6=0. 
Sol. Here a 0 = l > a x =-G, a 2 =U, a 3 = — 6 

a 0 s *+°i =0 8 ives Sl=6, 

C r 0 S 2 +aiS 1 4-2a 2 =0 gives 52-68^22=0 

or S 2 =14. 

a„S 3 +« 1 S 3 +a 3 S 1 +3a 3 =0 gives 
S 3 _6 14+ 11.6 - 3.6 = 0 or S 3 —36 

To get S 4 . S 6 ,.we use the second set of formulae 

where r>n 

.*. a 0 S 4 +a,S 3 + a 2 S 2 + a*S x = 0 gives 
S 4 —6.36 4- 11.14 —6.6=0 
or S 4 =98 

Similarly o 0 S 5 -l-a 1 S 4 4 -o 2 S 3 +a 3 S 2 = 0, gives 

S 5 -6.98 4-11.36-6.14 =0 • 


or S 6 =276. 

Ex. 3. Show that the sum of the sixteenth potcers of the roots 
of the equation x 9 -{-ax-\-b=0 is 86*. 

Sol. Here x*=-(ax+b) 

Squaring both sides we get 

x ,# = <z*x 2 + 2 abx -f b*. 


Putting 
equation) 
we get 



S 14 =o 2 S a +2«6S 1 +86*. ... (♦> 


Also for the original equation 

ao=l, a 1 = a 2 =a 3 =a 4 =o 5 =a 6 =0, a T =a and o,=6. 

o # S 1 + a,=0 gives S x =0, 

a 0 S 2 4 -a,S, + 2o 2 =0 gives S a = 0. 

We need not find S 3 , S 4 , S 6 .etc. as these are not needed 


in(0 


from (•) we get 

S I .=o*(0)4-2o*(0)-f 86*=86 e . 
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4. Calculate S. 4 /or the cubic ax-\-b= 0 . 

Sol. Let this equation may have roots a, (3, y So we have 
to calculate a~ 4 + P -1 + Y -4 - 

Putting x=— in the above equation we get 

y 

6y 3 -J-at/ 2 -f-1 =0 

whose roots are — » -77 »— or a~ A , fi’ 1 , y -1 and whose sum 

cl (3 y 

of rth powers is a -r -f p -r -f-r _r = S_ r . 

For this latter equation a 0 =b, a,=a, a a =0, a,= l. 

Therefore (for this equation) 


a # S , + ai = 0 gives S_, = — 


a 


a 


a oS-a + a iS_|4-2a a = 0 gives 6S_ 2 -f-ax- j- =0 


or 


s -a = 


V * 


a 0 S_ 3 + a 1 S_ a -fa a S_ J -f 3a 3 =0 gives 6S_ 3 -f-ax~T^ +3 


=0 


dr 


S --(t+£) 


OoS-4 + OfS-j + fl|S-2 + — 0 gives 

.0 / 3 a 3 \ a n 

4 a 4 + 4a6* 


or 


S -«= - fc T + — 


6* 


EXERCISE 19 

1. Find S 3 , S, and S_ a for the equation 

&—a?+3z—2=0. 

2. Find S 4 , S 4 and S_ 3 for the equation 

6a 1 —2 .-r 3 + 4z* - x + 7 = 0. 
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3. Find S 9 for the equation x 3 — 3*+2 = 0. 

4 Calculate S 8 for the equation + 1=0. 

5. For a certain equation whose roots are o, 6, c 

a+6 + c=6, a 2 +6 2 -fc 5 = 14, a 3 +6 3 +c 3 =36 ; 

find this equation and S 5 . 

6 If a, p, y are the roots of a certain cubic so that 

a -^ + Y = 6, a 2 + p*-FY 8 =14, a 3 + P s +Y 3 ct(3y=30 ; 
find the equation and S 4 . 

7. Ifa + 0 + Y = O» prove that 



8 . If a + (J+Y+ S =° show that 



I 

9. If ct-hP+Y-=°> prove that 

10. Find x 4 4-2/ 4 +z 4 , it being given that 


%x= 1, Sx 9 =2, 2ar* -3. 


( P.U. 1969 ) 


11. If a+6+c=0, show that 

o 7 +6 7 + c 7 = 1 abc{ab-\-bc+ca)\ 

12. Show that (x+«) 5 —x 5 —o 6 =5ao;(x+a)(a:*-f-ax-+-a*). 

13. Solve the equation (x-f a) 6 —x 8 —o 6 =0. 



CHAPTER IX 

SOLUTION OF CUBIC AND BIQUADRATIC 

equations 

I. Solution of Cubic Equations 


9-1. Cardan’s Solution of the Cubic f ^ of ^ 

To solve the cubic ax 3 -H36x This substitution 

remove its second term by puL '.s + sHz + GsO where 

— d „ „ 
TP solve 2 s + 3Hz + G = 0 we put * = »+« «*“«.« « 

to be found out. 


On cubing i«wege«>- s+B3 + 3ui)(it + v) ^ 

On equating the coefficients of , and constant terms from 

(i) and (ti), we get 

„»+«*.-G and 

w 3 t ;3 == _ IT 3 . , 

So u : ‘, v 3 are the root* of the quadratic 

t a_( w 3+t; 3 )t + w 3 ^ 3==0 


or 


** + G/-H 3 =0. 


u 


3 


-G+VG 2 +4H 




, * 3 = 
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and w= (-G-VGH4H1) 3 . ^±1!^) -w. 


^ - G -yG»+4H» y ^ 

where u;, to 8 are the complex cube roots of unity. 

But uv = — H, therefore the following combinations of u 
and v are possible :— 


“=( 


- G + vG»+4H* 


) ; 


= ^ G+V G. +4H y ., iV .( -Q->/ a WH» ) 

= ( =°±* j ®±®) ‘ . k 1 ; v .(- 5=^!±®) 1 - 


Putting (- G + V/G-+4H .) 




and - P 

We obtain three values of 2 as 

- a-f-0, u;a-fu> 8 p, tt;*a-t-u>p 

and then the values of 2 : can be obtained from 

2 = ax+5. 

Ex. 1. So/ve x* —36x—91 =0. 

Sol. Here the 2nd term is air eady absent. 

Putting x=w-ft>, and 
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Cubing wc get 

iS = uH« 8 + 3mv(u + V ) 

X* -3u>;x — (u 3 +t> 3 )=° 

Aljo *»_36r-91=0 

Comparing the coefficient,, ««= have 

U t» + „3 = 91 and uV ' u ' 

. v 3 arc the roots of the equation 

t a —911-V-12 3 = 0. 

4712* 9l ~fc 37 =64.27. 


...(**) 


So 


or 


91 i 

■ v ^ /"V 


u j= 64, -- rv —3 

. . one value of u = 4 *>done value 

or one value of * = 4 +3- - ; d by Synthetic 

So the other two roots can be 
Division : — 


t> 3 = 27 . 


1 


0 

7 


-36 

49 


-91 

91 


(7) _ 

T— 1 — 17 15- 

The other two roots arc given by 

** 4 -7*4-13=0 whence * = 

_ 7 4- v j- 3 _ 

x=7,-2 

Ex. 2. Solve CarianS ^o^e cuhie 



Thus 


— 6x* + 6x — 2 = 0 


•(*) 


So , 

Substituting it^in ) Wweget)^ 6 ^ + 2 ) _ 2=0 

y3__6l/-6 = 0 

or 


\H) 
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Putting y = u-\-v and cubing it, 

y 3 — 3 uvy — (u 3 +v 3 ) = 0. 
Comparing coefficients in (it), ( iii ) we get 

w. 3 -f-tr* = 6 and uv = 2. 

.*. u 3 and v 3 are the roots of 

t a — 6t-f-8=0 giving « — 4, 2 






So 


tt = 4^, 4^iv, 4^tv 2 and 

• ^ • C 

v = 2* 2^ tv, 2*t* 8 . 


t } 


Thus 


2/=4* + 2*, 4*tv-|-2 8 t« 2 . 




or 


* tv 2 , 4* tv 2 4 2* tv. 

24-4*42*, 2 44*tv42*tv 2 > 24 -4 9 w*+2*w. 

Note. Here Synthetic Division is not applicable as tv*, v 3 
are npt perfect cubes. . , 

Ex. 3. Solve the equation 7s* — 1 5x z — 3a:4-19 = 0 by express¬ 
ing it as difference of two cubes. ( ( 

Sol. Let 7x* — 15x 2 — 3x+ 19k- A(;c— ot) 3 — B(:r — p) a 

= A(x 3 —3x 2 a 4 3a;a-— a 3 ) J 

— B(x 3 — 3x 2 £4-3x3 a - fl s ). 

* t* k /**•*• ^ " I ’*•*** • I * ^ 

Comparing the coefficients of a 8 , x-, . on both sides 

we have <• 

A— B = 7 ...(*> 

Aa —B(3^5 ...(it) 

Aa 2 — B/S 2 = — 1 (iii) 

Aa 3 -Bp 3 =-19 ...(tv) 

Multiplying the equations (»), (ii), (**♦) by a each we get 

'* Aa — Ba = 7a ...(v) 

Aa 2 —Ba/?=5a * ...(tt) 

Aa 3 — Ba£J 2 =—a . ...(vti) 

Subtracting (r) from (it) : (vi) from (iii ; (rii) from (tv) we 

get 


B(a— £) = 5— 7a 
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Bfra-{>)=-( 1 + 5x ) 

B? 2 (a- p) = «- 1J 

But lBp(a-P)?=B(a-P)xB?H«-« 

(14-5a)*=l5—7a)(*— iy ) „ 
or 25a*+10a + l=-7a' i + t38 *- 95 
or 32a 3 -12B*+96=0 - , 

Proccedin^nTht r '?** ^ 

(ii), (Hi) by (5 each etc.) we get p 

But a^p, so * = 3 ‘^e sake of definiteness. 

Therefore from t i), l») A= - '• ““"“i , )3 = 0 . 

So the given e r Uo 1 =-(-3 , + 8 ^ 

—r-J,! he obtained by Synthetic 

The other two r jot* cai 
Division. 

exercise 20 


1. a, 3 — 6x— 9=0. 

3, a: 3 —9a-— 12 = 0. 

5. »/ 3 + 30 ty + 30 = 0 
7. 28*'* — 9* 2 + 1 =°- 


2. ar* — 12 r + 16 = 0. , i • 

4. x 3 — 108x + 432 =0. ^ JtW> 

6. 9z 3 H-6a 2 —I =°* 

8. .** + 3x 2 -f 12 x-16 = 0. 


(" Hint : - Put e = ) 

9 x 3 -4- 9x« — 21 x — 245 = 0. ,0.'C* 3 +3*’-fic-20=0. 
«: t -12*M .5*-7 = 0. 12. 4, 3 -9, 11 = 0. 

,3. 216 ^ + 64ex 3 +540x+73 O. lhe eqlla „„n 

14 Find the values of a, b in 

z 3 + 3Hz + G 0 

can be put in the form 

_L-JT.;«w J-° 
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Find also the condition in order that the above equation 
has two equal roots. Also solve the equation 

4x 3 —3a*x-fa 3 =0. 

Solve the following equations by expressing them as 
difference of two cubes : — 

15. 7x*+45**+93a:-f-63=0. 

16. x*-{-3x a — 3x+1 =0. 

17. 12**4-30*4-22=0. 

9'2. Discriminant of a Cubic. 

We know already that the roots a, y of the cubic 

z*+3Hz+G=0 

are given by 

cx—u-j-V' ^= um -f- id*v, and y =:v 9 u-\-wv 
where u a , v a are the roots of the equation 

t*+Gf—H*=0 and 1 , to, w 2 
are the roots of the equation i®=1, 

Here a—— w)-\-v{\—to 2 ), 

P — y=uni( 1 — to)-\-tov{io — 1 ), 
y— a.=u(tv 2 — 1 — 1). 

(<x-pW-y) J (Y-a) 2 

= (1 — u>)®[tt-bv(l vu>] 3 l — « — 1 )]* 

= (1 —w) e [ii—vw 8 ] 8 tv*(u—v)*(v—uto 2 ) 2 

[as =0]. 

— w 2 { 1 — to)*(u — r) 2 [uv~v‘ i w 2 —u 2 w 2 +uvtv 4 ] 3 
= u; a [l — to,\u — l +u>)—^(u 8 -!-!;*)] 8 

=iv 2 ( l — w)*(u— t>)* uv x — tv 2 ) —u; 8 (u 2 -f-t^)] 8 
=u> 8 ,1 — w) 6 \,u — u) 2 [u 2 4-v 2 -f mu] 8 
=t#®(l —w 6 (u 3 —v 3 ) 8 
= [( 1 —m>) 3 ]*[u s — t; 3 ] 8 

= [ 1 — w 3 —3u>-+* 3u? 8 ] a [i4 3 —u 3 ] 2 
=[—3u>( 1—«;)] a (u 3 — v 3 ) 8 
=9u; 8 [l -f-w; 8 —2u?][u 3 —t; 3 ] 2 
-=9u> 8 [ — w — 2f v][u 3 — v 3 ] 8 


[*.* 1+W+m; 8 =0] 
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_27t ^(u 3 ~-v 3 )* 

I-27r(«»+n*)*-^ —27[G» + 4H1. 

. P2 4-4H 3 is called the discriminant of the 

The expression Lr^ + ^ri is 
above cubic. 

Alternative Determination. 

Here (.-Wf-rt’lT-l’ 

-H-+P)* 4a P l[(P+1,l*-4W[Cr+“) * 

_r («+/»+t-t)*- 4 ; pY i<*+p+y ->- J 


4apY") 

+ “ ft J 




a 2 + 


4G 


I p,+ 


4G 1 

P J 


= J_ [a 3 + 4 G][/ 3 3 + 4 Glt y 3 + 4 °) 

= jL [a 3 + 3H« + G+3G-3H«][P’ + 3Hp + G + 3G-3Hp) 

“ G x[y 3 + 3H y -1-G 4- 3G - 3H y1 

= 1__i 3 G-3Hx][3G-3H^]13G-3Hy] 

—G - 


„ 2 i-(Ha-G)(H/3-GHH Y -Gi 

Cj 


[•.• o 3 + 3Ha^G 

— /3 3 +3Hp + G 

=y 3 + 3H Y + G = 0 
from the original cubic]. 


_ ^ [ _G-+G'H(3+p+ Y )-GHW+h ¥r*) 

G 


22 [G 3 -GH*(3H)-H 3 G] 

-27[G*+4H 3 ] which is the same as in the previous artic e, 
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9*3. Nature of the roots of the cubic 

z 3 -j- 3Hz -f- G—0. 

'1 he three roots of the above cubic are 

it 4- v, t vu-\-t£*v and tD*u-\-tvv 
where u 3 and v 3 are the roots of the equation 

< a 4-G/ —H 3 =0. 


Tire discriminant 61 this quadratic is G 2 -f-4H 3 which is also the 
discriminant of the original cubic. 


Since 


w= 


1+t 

2 


V 3 


and tv* = 1 ty/ 3 , the roots of 

2 


the cubic can be written as u+v t —i(n + w)4* 


i+V 3 


(«— v) 


and —£"(«4-v)— h(5-{u-*v) .0) 

(а) TfG 2 4*4H 3 is positive thfc roots u 3 and t; 3 are real. 
Therefore it and v arc real. Also u + v, it —v are real. So from 
(1) we see that the cubic has one real and two complex roots. 

Conversely, if the cubic has one real root and two complex 
roots, then it and t; are real. Also it 3 and v 3 are real. Therefore 
f 3 + G< — H 3 = 0 has real roots. So G 2 -f 4H 3 >0. 

(б) If G 2 + 4H 3 is negative the roots it 3 and V 3 are complex. 
T. herefore, u and t; are also complex and conjugate, i.e. it and v 
can be of the form a-H6, a—*6 respectively. Also u+v = 2a 
and u -v = 2ib. So from (1) we obtain that the cubic has all 
the three rcots real. 


Conversely, if the cubic has all the three roots real, then it-f-v 
must be real and u -t’pure imaginary. This is possible only 
when ii, v are conjugate complex or it 3 , v 3 are conjugate complex. 
Therefore t--\~Gt — H 3 =0 has imaginary roots. So G 2 -|-4H 3 <0. 

(c) If G a 4-4H 3 =0, the roots it 3 , v 3 are equal, ».e., u=v. 
So from (1) we see that the cubic has two equal roots. 

Conversely, if the given cubic has two equal roots then 

i<_V = 0 or u= v or u 3 =v 3 . 
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Therefore, the discriminant ofthe quadratic t- +Gf-H 3 -0 is 

ZerO |d)°ifG- 0 H H= 0 the roots «». c 3 of the t quadratic arc 
both cquaUoacro So 0 Therefore, all the three roots 

of the original equation are equal. 

Conversely, if all the three roots are equal, then 

u + 

= (u+v) “T' 3(u " v) ' 

This leads us to “ n ^G?-H‘-Ohas“t?Jo roots'eqial to 

this case the quadratic t 

7Cr °Ex S l. G DUcv*8 lhe nature of the roots of 4*»+9»*+*-4«0 
Also find the number of positive and negative roots. 

Sol To remove the second term we put z = 4x-,-J 

z-3 

or x 4 

On substituting this value of* in the above equation we 
have the transformed equation as 2 -23z 


Here 


/ —23 \ 3 

GM 4H 3 * (- 22 )*+4 [ 3 -J 


= 484- 


4(23V 

27 


This G* + 4H 3 is <0. 

Therefore all the three roots of the original cub.e are real. 

Again if the roots of the cubic 

4a:3 + 9 * a + * - 4 = 0 be a, p, y then 

a + /?+Y = --| aIld a ^= l * 

Now«Hy-1 indicates that » M are all >0or , "» 

a + p “ e >0 ga But «+(sTy is gP bTS “before, two 
ofthe roo»s are negative and one is positive. 
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Note. The roots of the above cubic are 

, —5—v/89 — 5 + V89 

_ I . _ __ _ • 


9 31. Irreducible Case. 

If the discriminant G 2 + 4H 3 of the equation 2 s -f-3Hz+G==0 
be positive but not a perfect square then z* 3 and tr 5 are of the 

lbrmatVT- Here we havc to extract the cuberoot of 


a±V~b~ ° r a - \/ b which becomes complicated. So Cardan’s 
method will not give the result in a neat form. 

Also when G*-{-4H 3 is <0 then u 3 and V 3 are of the form 
a±i\/ b where i= y/— 1. Even in this case Cardan’s method 

will not give the result in an easy form. We are bound to use 
trial at some stage. Such case js called the irreducible case 

Ex. 2. Solve x 3 — 3a:—198=0 


' Sol. Let x=u+v 

3 *=u 3 -\-v 3 -\-3uv[u+v) 

or x 2 —3uvx-(u 3 +t 3 )=0. 

Comparing the coefficients of the original equation with this 
equation we have 

11,3-1-V 3 —198 and uv=\. 

... the t quadratic giving w 3 . v 3 is 
198M-l=-0 

u 3 - 99 + 70^ 2 and v 3 =99—70 y/ 2 * 

Here u and v will be of the forms a ± b y/~2 • 

.-. (a + ^v/2) 3 = 99 + 70V2 

or a 3 4-6afe*-+-6v/2(3u 2 +26 2 ) = 99+70v2. 

so ala 2 -f66 5 ) = 99 and b(3a 2 + 26*) = 70. 

Here a and b must be both positive. Also a must be a 
factor of 99 and b must be a factor of 70. 

By trial we find that o = 3 and 6=2. Therefore, u=3-f2y2 
and v=3 —2 \/2. 

So one root of the cubic is 3-f- 2y/2 + 3 ~2 V2 = 6. The other 
two roots can be easily found. 
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Ex. 3. Solve X s — 7x + 6=0- 

Sol. Let x=u + v 

On cubing wc get ^ = _ (1 + v . 3+3u „ (u+ „) 

or x 3 — 3uvx — (u* + v 3 ) = 0. 

u 3_^_ v 3 == _6 and wv = i- 

So u 3 . v 9 are the roots of the equation 

t , +6l+ ?«=o. 

271* X 62t-f-343=0 


or 


or u 


— 81 4~30iv / 3 30iV3 


27 


27 


Let 


or 

or 


[—81 4-30iv/3]*=a4-&*\/3 

(a4-W v / 3) s = —8l4-30t\/3 

(a 3 - 9a6*) 4- 3 V 3»‘(a*6 - 6 3 ) = — 8 1 4- 30* y/ 3 
or a(a *-96*)=-Pl and 6(a 2 t*)==10. 

Here a must be a factor of -81 and b a factor of 10. 

a has the possible vahies ±1. ±3, ±9 ±27, ± an 

6 the valurs ± 1 , ± 2 . ±5. ±10. By trial we find that 

o=3 and 6 = 2. 

3_|_2i v/3 _3 — 2*\/3 

- 3 -. v “ 3 ‘ 

The other~two^roots cm now be found out. 

Ex 4. Solve — 6a: + 4 = 0 by Trigonometry. 

Sol Here G* 4 - 4H 3 = 16 4- 4( -2) 3 = negative. 

the cubic has all its real roots. In such a case we can 
also' find its solution by Trigonometry. 

Putting •-^ e e J6rrirfO?4-3 U ‘ IDfW, * *> 


or 


3 sin 0— sin * “r 



160 


A TEXT BOOK OK ALGEBKA 


Put = ~ =4 SO that the L.H.S. is the expansion of sin 3 6. 

So r=2yj2 

3 sin 0—4 sin 3 0 = ^ 2 

or sin 30=^- 

The solution is possible here as is < 1. 

7 j TT 

So sin 30=sin or 0=_ i2^* 

The other root of the above equation is given by 

sin 30 = sin ^ it -or 0= 

two roots of the original cubic are 

2y/2 sin ~ and 2x/2 sin ( "-) 

But sum of all the roots is zero. 

the third root is —2^2^ sin ~~ +sin 

Hence *=2 v /2 sin 15”, 2 v 2 sin 45°. -2x/2[sin 45' + S in 15"} 

or x=v/3-l, 2. -(v/3 + l). 

EXERCISE 21 


Solve by Cardan’s method :— 

1. x’ + Sx—14=0. 2. x 3 — 15x+4=0 

3. X s —3x a +6x— 18 = 0. 4. x- 3 -l-6x 3 —3x—26 = 0. 

E. Solve by the trigonometric method :— 

5. x 3 — 3x-fl=0. 6. x a +6x a -f9x + 3=0. 

“7 8x 3 —54x4-27 = 0. 
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8 If the roots of the equation x 3 — 3*+ 2 = 0 are all real, show 
that two of them must be positive and one negative. 

9. Show that * 3 - 3 * + 2 = 0 has two equal roots. Also find 
the nature of the roots of x \lx-\~ lo u. 

10. Discuss the nature of the roots of the equation 

x 3 +x 2 + 2x—4 = 0. 

Also solve it. ~.3_u<t r 2 4-15x-1-25=0 has only one 

11. Show that the equations + 3x -r 

real root. Also solve it. 

12 Find the condition in order that the equation 

ax 3 4-36x*-f-3cx+d = 0 has 
(a) two equal roots (&) thrre equal roots 

<c) all roots positive (d) all roots negauve 

13 . Find the equation of -squared differences’ o. the cub.c 

y 9 \-qy + r — 0 f 

and show how it can be used for determ.nmg^th^nature^f 
the roots of the cubic. . . 

II Solution of the Biquadratic Equation* 

9.*. Descartes’ solution of a Biquadratic. 


The general « = 0 

By putting z^az + b we can reduce it to the form 

z* + 6Hz ! +4Gz + (o a I-3H a )=0 
where H —co—6* *> G—26 s Safccd a r d 

Ic=3c* — 4 bd-\-ac 

Let the quadratic factors of the above quartic be 
- 2 J -fpz + </and 2 2 -p2 + <?i. 

Therefore, 

fact o? ' s z *+( q +q?-p')z*-\ *r<i x -7) + w.=° 


..•(i) 


these 
• ••( 2 ) 
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Comparing the coefficients of the left hand sides of (1) and 
(2) we get 

•- ' Q+9i—P*= 6H or q x +q=>p*+6H 

4G 

PW i—?) = 4 G or q x —q= 


P 

qq x —a-\ — 3H 2 

Squaring and subtracting the relations (3), (4) we get 

16G 2 

4??i=2> 4 +12p 2 H+36H 2 — 


- (3) 
...(4) 

...(5) 


»» •» 


/ * I* 


or 4a 2 I — 12H 2 =j) 4 + 12y 2 H-h36H 2 — 


P* 

16G 2 
P 2 


...( 6 ) 


or 2 >o-M2p 4 H + (48H 2 -4a 2 I)p 2 -16G*=0 
This is a-cubic in p 8 and is called D’cartcs’ Resolvent. 
Putting' • '* ! p 2 =A we can write the above equation as 
A 3 4- 12HA 2 +4(12H 2 -a 2 I)7\-16G 2 =0 
/We<can fih4 A-from this equatioh. So p can be determined. 
Also, frorh (i3),ahd (4) we can find q and q v Therefore, the two 
quadratics ca«i ,be solyed. 

Note'. T^rq D’cartes’. Resolvent has got six values a4-/3. Y+S, 
a+8, <FrhY>.P + s > where a, /3, 8 are the roots of the 

original equation. 

Also a 4 * (3 -|- v 4 *8 = 0, therefore these 6 roots can be written 

as • • •••■'• 

±(«4-p), ±(/34 -y). i(Y+«) 

From this, we observe that the roots of the equation in A 
are (a-(-p) 2 , (P.+.y) 2 , (Y + a ) 2 * So for any value of p we get the 
same four roots, though in different order, (for the 6 values of 
p we have the following factors 

(s*4-p2'4-a{3)(z*—ps-fvS), 

(z 2 4-p= + aY)(^ 2 —^4PS), 

(z 2 4-2?z-faS)(: 2 —pz4-p y ), (z 2 4-pz4-3Y)(2 3 —J»4-a&), 
(z 2 4-pz-l-p5)(z 2 —pz4-ay), (z 2 +pz4-yS)(z 2 — pz-f«£)]. 

Ex; 1; • *' Solve x 4 4-15x4-14=0. 

Sol. Let x 4 4-15x4-14=(a: :J 4-px4-9)(x s —p»4-5rj). • 


BIQUADRATIC EQUATIONS 


163 


Equating coefficients we have 

q+qi— p*=0 or q + <h=P~ 

15 

i-g)=15 or q x -q= — 
and ??i= 14 

Squaring and subtracting (1), (2) we get 

. 225 

4qq l =P* ~pt 


or 

or 


56 =p 4 
p 6_ 56^ 2 —225 = 0. 


225 

V 1 


•••(I) 

...( 2 ) 

-.(3) 


Putting p a =7v we get 

Tv 3 —567 v — 225=0 

Test this cubic for 7 v=i» 4 * 9,. 

(the numbers which are perfect squares). 

Out of these choose those values which arc factors 
constant term —225. 


Such values are 1,9, 


UUV.II VOIUW ^ - 7 ~ »- ' • 

* iw, thC ,l y 9 t e a root c’frhe^ “^1-" - 


purpose 

9) 


—225 —36 



j) — 3 and from (1), (2) q — 2, <?i 7 

So the above quardc can be written as 
{x , p 3 .r+ 2 l(x c —3ar-f7) = 0 giving 



3± V ‘9 ; 

2 


i 
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Ex. 2. S 0 !w6**+25**-18**+l=0. Rv putting 

Sol. Here the term involving x is musing. By putting 

X= _L wo can transform the above equation to one where sC 
while missing, and that is what 

tion the above equation becomes 6 jy iy T 

_ A • • •*■ ® 


or y*- 18y*+25y+6=0 

Let /_18y*+25y + 6=(>/ 2 +?>y+g)(y 2 -2 > i f +^* ) 

Equating coefficients we get 

q-{-q l —— 18 or 3+3i=P*— 18 

p(?i—y ) =25 or 

*?i= 6 


( 1 ) 


25 

* 1 - 3=7 


..( 2 ) 
. (3) 
...(4) 


Squaring 

and subtracting (2), (3) we obtain 


625 

4 Wl =y-36 i > 2 +324- _ 


625 

or 

24 = p 4 — 36p ? + 324 — —, • 

or 

p« _ 36p 4 4- 300p a — 625=0 

Putting 

p* = ?v we have 


Test this equation for A — 1,25, 625. 

?\=25 satisfies the above equation as shown below . 

25) -625 300 -36 J 

— 25 11 

275 — ^ [0 

p = 5 and ^i = 6, q = 1 from (2), (3). 

The equation (1) can now be written as 
(y*+5y4-l)(y s —:-y-f6)=° giving 

y=2, 3, ~ 5 *V 2 I. 


2 
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So 


x = 


1 

2 ’ 


! 2_ = -5rbV 21 

“3 ' -5±V2l 2 


Ex. 3. Solve the equation 

35 *_4x 8 +62 , +®- l0=U 

♦hr second term here by diminishing 

Sol. We car V^ m ° VC b e shown as follows 
the roots by l. This can 

1 a 

a 4 



1 _6=0 

The transformed equation is y + ^ 

where 05 <=»/ 4 -'* 

Lrtjr . +5y -6-(y B +w+^-« r+gi) - 

Equating coefficients we get ^ q+gi=P 2 


or 


7i—5 


3?(9i — ?> — 5 

and g<7i=— 6 

Squaring and subtracting (1) »" d < 2) WC g '‘ 

25 

P* 

P 2 

or p«+24p*—25=0. 


5 

P 


or 


4<Wi=P 4- 
—24 = p 4 


...( 1 ) 

...( 2 ) 

...(3) 
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Here p = 1 is obviously a root. 
Therefore from (1), (2) we get 

3= 2, ?i=3 

y*+5y—6 =(t/ 2 +y—2)(y 2 —y+3). 

These factors equated to zero give 

liV»T 

2 

But x=t/+1 


y= 1, - 2 , 


... x= < 2. -1, _L±»yil + 1- 3 + »Vll . 

2 2 

Ex. 4. tfofoe 2x 4 -2x 3 + 3x a +4x+3 = 0. 

Sol. To remove the term x 3 we diminish the roots by J. 
To avoid fractions we proceed as follows i— 

The coefficient of x 3 should be a multiple of 4 as we have 
in the general biquadratic equation. To do so we multiply the 
original equation by 2 and then we get 

4x*-4x 3 +6x 2 +8x+6=0 

Put z-ax-j-b (where a = 4, 46=— 4, ...) for the removal 

of the second term. 

2+1 


So 


z=4x— 1 


or 


x= 


Substituting this value oT x in the original equation we get 

4(2+l)« +2 + 1) 3 , 6(;-H> 2 , 8(3+1) . . „ 

256 64 + -T6~ + -4- + 6==0 

or (3+1)4-4(2+1)3 + 24(3+1)2+128(3+11 + 384=0 

or c 4 + 182 2 +1682 +533 = 0 ...(j) 

Let its factors be 2 2 + p 2 + ^, z-—pz + q 1 

2 4 + 182*+ 1682 + 533=(2 2 +p2+ 9 )(c 2 —i>3 + 3j). 

Equating the coefficients of z, s 2 and constants we get 

3+3i-P*= 18 or ? + ?i=:P 8 +18 ...(if) 

168 


P(Qi— 3)=168 or 
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and GQi —^33 

Squaring and subtracting (i*), (*»*) we havc 
M 168 2 
4 ^?i=P 4 + 36 7 >2 + 324 *” p 2 

OT p«-f-36p 4 —1808/?*— (168) 2 =0 

Putting = * here we get 

a s + 36a 2 — 1808* — 168 2 =0 

Test it for * = », 4, 9, 16, 36, 49, 64. 

36) -168= -1808 —.72 

-=2592 —8® ! ° 

Here * =36 or P = 6 - _ 

from (»), (til) we get '/i = 41 •: 

So s 4 4-18z 2 -+ l63z-t-533=E^ 2 4-6z + 13)( 32 — 6 ~ + 4l) * 
z=-3±2i, -3±4»V2^. __ 

, q lO.’xI 3+-4*n/2 4- 1 

„ 2+1 _ — 3±^*+- 1 and ^ T -- 

But x— - 4 4 




_ ~ 1 ± i 

2 


1 ±t V 2 


Alternative Method 


2x* - 2.r 3 + 3x 2 -M* + 3 =° 

-X 3 x ? -+ 2c +T "° 


...( 1 ) 


or •' ■ 7 

1 )so f,n bv 4 WC get the new equation 

Multiplying the roots of (1) by , 

as !/ 4_4 i/ 3 + 24 ! ,= + 128y + 384=0 -(2) 

where f 2) b \ we get the new 

Again, diminishing the roots ol y 

equation as J>+18 ,, + 168z+533=0 -« 3 > 
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. This can be done by synthetic division as under :— 


-4 

24 

128 

384 

1 

—3 

21 

149 

-3 

21 

149 

533 

_l 

-2 

19 


—2 

1 

— 1 

-?l 

18 

168 



l 

0 

The relation between y and z is given by 

z-\-1 = which gives 



Now, let 2«+18z»-{-168«-f-533=(z 2 +pz+9)(z t -pz + 9 , ) = 0 

Comparing coefficients, we get 

or 9'+9=p s -f 18 

, 168 
q —q = 


q'+q-p*= 18 
p(q’-q)=\6fi 


or 


qq' = 533 or 

Now 4w':»(9'+9)»— 


V 

4 * 79^=2132 


..(*> 
... (u 

...(•») 


or 2132 = (p'4-18) 8 —^ ^ J 

or p 6 + 36p 4 -l808p 2 —28224=0 

Putting p t= =t, we get 

t 3 36t a — 18084—28224=0 
This equation is satisfied by i=36 which gives p=6 . 

Thus (i) and (»i) give 9' + g = 54 and ? i_ (?= 28. Solving 

these simultaneously, we get q’ =41 and 9=13. 

Therefore, equation (3) is thrown into the following qua¬ 
dratic equations s 2 -|-6z-|-13=0 and z*—6z-\ 41 =0 

These give 2 =—3±2i, 3±4i^/“2^ 
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z-f- 1 

Hence, the relation x= — 4 " S IVCS 

— 3 th 2t’ + 1 __ and 


x= 


__ 3 + w 2 4 -L -1 -l; 2 

4 




EXERCISE 22 

1 t S;r + + ,“r‘-°' 

7 ; :.:Wl2*-4=0. 8. 2x-5x«+3=0 

9. 2 x 4 + 6x 3 -3x 2 + 2=0. 10. x 4 3x x [K .£/. ’62] 

\K XJ • ’59 J 

la. l*pr' s ti-^+y ,8 "f ^tv 3 . as the Pr ° dUCt 

factors in three different ways. 


CHAPTER X 

DETERMINANTS 


10*1. Definitions 

Permutations. Let us consider first n natural numbers 
1, 2, 3, 4, ...,n which stand in their natural order. The arrange¬ 
ment of these numbers in any way is called a permutation. 

Similarly if we take n letters a, b, c, d . I (these letters are 

supposed to be in their natural order) and we arrange these 
letters in any way, then the arrangement will be called a 
permutation of the letters. 

Transposition. Interchanging of any two numbers or 
of letters in a permutation is called a transposition. 

e.g. take a permutation P= 12 3 5 4. 

Interchange the fourth and fifth numbers we obtain the 
permutation P'=l 2 3 4 5. This process will be called a trans¬ 
position. 

Inversion. That couplet in a permutation in which the 
left hand number exceeds the right hand number is called an 
inversion. 

e r; take a permutation P' = 5 2 1 3 4 of P-=l 2 34 5. Here 
5, 2(couplet is called an inversion. Similarly other couplets can 
be determined. Also the order of the two numbers in a couplet 
is the same as in the permutation P' from which the pair of 
numbers has been selected. We can now form couplets from 
P' = 5 4 12 3. and these are (5, 4), (5, 1), (5, 2), (5, 3), (4, 1 , 
(4, 2), (4, 3), (1,2). (1,3) (2,3). 

The last three couplets are not inversions. So the number 
of inversions in this case is 7. Here the number of inversions 
is odd, therefore we say that the class ol permutation P' is odd. 
Similarly if the number of inversions in a permutation is even 
we say that the class of permutation is even. 
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The number of inversions can also be shown graphically 
as follows :— 



Let us determine the number of inversions of 5 4 1 2 3 gra¬ 
phically. Write 1,2, 3,4, 5 in the upper line (,n '*’ c ‘ r 
order). Write the numbers 5, 4, 1, 2, 3 of the given p 
tion in the second line below 1,2, 3, 4, 5 respectively. 

Join each number of the upper row with the same number 
in the lower row by lines straight or curved so that no three 

lines concur and no two lines meet in more than one P™ ' 
number or the points of intersection ,s 7 here which is the 

number of inversions in the permutation (0 * i ^ V- 

Ex. Count the number of inversions in {13254) graphically. 

10 2. Theorem A single transposition of any two 

neighbouring integers changes the class of the p 

T’SS. is. Tssr&BrB x 

permutation is, thus, changed. 

If the bigger integer precedes the 

transposition the smaller int ^ gcr }^% lass of permutation is 
thus one inversion is lost, bo me 

changed. 

Ex. Take a permutation P — 304152. 

It is easy to find that it contains 9l inversion ^Th &> ^ 
class of permutation is odd. Le^us^nterchang numher of 

we get the new permutation P — 
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inversions is 10 which is one more than the previous number. 
Thus the class of permutation is even. We shall compare tne 
inversions of these two permutations as follows :— 


Permutation = 364152 

364512 

(a) (3. 11, (3, 2), = 2 inversions j 

(3. 1), (3, 2) =2 inversions 

(f>) (6, 4), (6, 1), (6. 5), (b, 2) 

- 4 inversions 

(6, 4;, (6. 5), (6, 1), (6, 2) 

= 4 inversions 

(c) (4 1), (4, 2) = 2 inversions 

(4. 1). (4. 21=2 inversions 

'(d) x _ 

(5, 1 1, (5, 2 1 = 2 inversions 

(e) (5,2) =1 inversion 

x _ 

Total = 9 inversions. 

Total = 10 inversions. 


From the above table we - . 

version which has been introduced as a result of the change 

is (5, 1). 

Take the same permutation P = 364152. But interchanging 
4 and l we get the new permutation P' = 361452 [in P 1 and 4 
are not standing in natural order]. Let us compare the in¬ 
versions of P and P' as follows :— 


Permutation : 364152 

361452 

(oTY 3, 1). 2) = 2 inversions 

(3. 11, (3, 2), = 2 inversions 

[6, 4), (6, l), (6, 5) .6, 2) 

= 4 inversions 

(6) [6, 4), (6, 1). 3), ( 6 : 2 > 

= 4 inversions 

(cj (4. I > 1 4 2 ) — 2 inversions 

X 

(d) X _. 

(4, 2)= 1 inversion 

(c) (5, 2 = 1 inversion 

(5, 2)=1 inversion 

Total =9 inversions 

Total = 8 inversions 


From this table we observe that the only inversion lost as a 
result of the change is (4, 1). Even in this case the class of 
permutation is changed. 

10 21. Theorem. A single transposition of any two 
integers changes the class of the permutation 

Proof. Let P - (.x.y, 3.) be a permutation of 

1. 2, 3.. w-) where the two particular integers x, H are to be 

interchanced Suppose that there are m integers between a, 3 
and let P contain x inversions. By interchanging <x and 3 we 
get the permutation 
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Thus the class of 
P'l 5 6 4 3 2 be 


p'=(. p .*■ .. ) 

This P' can be obtained as foHo "'. * and p in P. 

Pass P over the ” int " n g " t S he’permutation thus obtained 
This needs m transpositions ana tne p 

“ pj = ( . a? . y .), there being (m+1) integers from 

P to ^ including these also. integers in P, and this 

Pass a over the following {m. 1 ' the new permutation 
needs (m+1) transpositions. Also 

obtained is v 

P' = (.?..V'j • o 

So the total number of transpositions needed m 

(w+m+l)«(2»»+1). 

Therefore P' contains (2m inversions. 

P' is opposite to that ot P- 

lllustratio*. Let P= 1 2 6 4 S 5 and let 

obtained f.om P by -‘""V ^in turn which needs 3 
Now pass 5 o^er each o» J| . ’ „ _i o ^643. 

transpositions and the new ’ - n J urn This nccd s f our 

Now pass 2 over ^ utatio * obta incd is P' = 1 5 6 4 3 2. 

transpositions and the p which is 

. total number of transpositions needed m P is 7 wh.cn 

odd.' So the class of P’ is oppos.te to .hat of P. 

l0'3. Obtaining 

Consider the two equations 

a x x-\-b ,y = 0 

o a x + M = 0 

Eliminating * and y from thesewe get 

/ Ul a b billed the eliminant oi the above 

The expre».° n coefficients of the above 

equations. we 
equations symbolically as 


a, 


a« 


b i 
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This is called a determinant of the 2nd order, and {a z b 2 — a A) 
is the expansion of this determinant. This determinant has 
two rows and two columns. The coefficients a,, a s , b z in the 
above equations which occur in the determinant are called 
dements of the determinant. 

Again take the three equations 

ajX+bty+CjZ^ 0 
aoX-\-b s y+CoZ = 0 
a z x + bgj -fc 3 z = 0 

From the second and third equations wc get 

•_*_ = _ v_ ___=_— k . 

— b z Cn c z a 3 — c 3 a 3 a zb 3 o 3 b 3 

.'. x=K(b z c 3 —b 3 c 2 ), y=K(c z a 3 — c 3 a 2 ), 

z=K(a«6 3 — aj) z . • 

Substitute these values in the first equation, we have 
Oi(6 2 c 3 - V s ) +V c a a 3 - c^)+6^- a 3 b r ) = 0. 

This expression is the expansion of the determinant of the 
third order 


a, b l c J 



Here a x , 6,. c„ a.,, b.,, c 2 , a 3 , b 3 , c, appearing in the determi¬ 
nant are called elements of this determinant. 

10'31. Definition of an nth order determinant. 

• I ' - t v « I 

A determinant of nth order contains n 2 elements arranged 
in the form of a square along n horizontal lines (rows) and n 
vertical lines (columns) and bordered by two vertical lines. 
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I7& 


a , b x 


a 3 63 


/ * The tprm a c,.obtained on multiplying thr 

elements situated ‘in the diagonal drawn from the left hand top 

corner is billed the leading terms. Its sign is always taken as 

positive. . . nt) 

(6) The expansion of the above determinant contains 

or ! n terms. 


(rl The terms of the above determinant can bc jound out 
from its leading 1 term a t b 2 c 3 ...l n by keeping the order of the 
ieuTrs intact and arranging the suffixes m all ways. 

W The sign of a tern, is po;^- & “ 

the class of the permutation ol ns suihxes 

(e) Half the terms of its expans.on are positive and othe , 

half of the terms are negative. 

Note. A determinant is briefly written as I a, ** *»•••'- > ™ 

its expansion is denoted by f) i r 3--- n) w 1 J 3 

is the leading term of the determinant. 

Ex. Write down the expansion of 

!«. b x c, d x j 
a. Oo c 2 a 2 

|«3 C 3 ^3 
C 4 

with the help of the above de'inition. 

ITe g itie Mow some important theorems psrta-n.m, to deter,n. 

1. 7Vie ea/ne of a dominant is not cta.0* if 

the corresponding row* and columnn are interchanged. 
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Let us verify this theorem for a determinant of the second 
order. 

Let A=l «i b i |= 0 A” a A* 

1 CU &2 I 

Changing rows into columns and columns into rows we get 
the new determinant 

A'=| Oj a 2 =o,6 2 —a 2 &i* 

I b 2 

Thus A /= = A this casc * 

1* the general case we have to prove that A' = A where 


A= 

Oj bi 

Cio ^2 

°3 ^3 

j flj ®8***®n 

and A / = c i c 2 c 3** #c n 



1 * 

1 ^ 1 


°n b n c r»**^n 

Z 2 l s ...l n ‘ 


The leading term ot ootn » “t . I" 

cccoansion of A can be obtained by keeping the letters intact 
^ arranging the suffixes in all possible ways. A term s 
positive or negative according as the class of the permu 
ofits suffixes is even or odd. 

The expansion of A' can be obtained from the same ^ing 
term by keeping the suffixes intact and arranging the liters m 
all possible ways. The sign of a term can be determined by 

the usual law of signs. 

Let ± a, 0 2 y 3 -.P„ where a0y— P is some arrangement of 
dbc.A, be a term* of AThe elements in this term can be 
rearranged, so that the letters stand in order and we get 

4 . #. ft y*...P„= ± fl A bucv..M where Ti/av...*? is some 
arrangement of 123.. n. This term ± a7\ by. cv...lrj is a term 

of A- 

Thus each term of A' is also a term of A with the same 
sign. Hence A^A'- 






determinants 


177 


Theorem II. If any two rows or columns of a 
determinant be interchanged, the determinant retains 
its absolute value but changes in sign. 

Let us verify this theorem lor a determinant ot second 
order. 

Let A = j a i ^1 =%” ll A < 

Interchanging the first row and the second row we get the new 
determinant 

A' = a 2 b 2 | =a. i b x — a x b 2 = —(«i b z — a J J l )= A* 

Thus the determinant has retained its value, but has 
changed its sign. 

Let A = a, 6, 

(In Co ...In 

rt 3 6 ;| C 3 .../3 


I c n ...l n I 

be an uth order determinant. The expansion of A can he 
written as ^ ± (a, b 2 c 3 .../J where the sull.xes 1 2. are 

to be arranged in all possible ways 1 he sign ol a tcnn can be 
determined by the usual law of signs. 

Let us interchange its first row and second row, we get the 
new determinant 

A' = l a z 

a 6, Cj.. 
a.j b 3 c 3 ...l 3 


! An C n * 


The leading term of*' H a *. c > •&\v£*£ c 

The leading term of ts a ,, cadi ' urin of A we 

Interchanging the sunixes ! 2 . I d ^ So thc 

heading terms *5- ^ **“ ^ 
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terms of the determinants have the same letters and the same 
suffixes (though in different order). Therefore the terms of 
/\ t are equal in magnitude. 

Take any term « a b ? cy -, p of A where «0y...f> “ some 

arrangement or 1 2 3...n. Suppose we need m trampos.tmns 
in order to obtain the permutation a?y...P from 1 2 3 ...n. The 
leading term of A' > s “a b i ° ne transposition is needed 

lie interchanging of 1 and 2) in order that we obtain the 
nermutation 12 3,..» from 2 1 3...n and then we need m more 
transpositions in order to obtain the permutation «Py...f> from 
1 9 ^ n Therfore the total number of transpositions needed 
is(m+li. So the sign of a a 6^ c Y ...I, of A is opposite to 

that of the same term in A'- Similar is the case with other 
terms. 

The same result is obtained if we interchange any other two 
rows or columns. 

Cor. Theorem. If any line of a determinant be passed over 
m parallel lines the resulting determinant has a value A 

where A w the value of the original determinant. 


Let A= «i W c i* 
a 2 b 2 c 2 . 


^3 ^3 ^3 


h 

.*« 

.L 


a n b n e n ...l„ 


•(*) 


Pass the first column of this determinant over the second 
column ithis also means interchanging of the first and the 
second columns), we get th; resulting determinant 


= (—l) 1 A = 


a, Cj.. /, J 

^2 C0X./2 

^3 ^;* 3 


hr, (1 n 1 


.(it). 







DETERMINANTS 


179 


Interchanging the second and third columns in (K) (this 
also means that first column has been passed over two columns, 
i.e. 2nd and 3rd in (*)) we get the new determinant as 

= A(-i> 2 =1 


"l 


«1" 

• • * i 

b. 

c * 

a 2 . 

,./ 2 

^3 

C 3 

«3 

'•^3 j 
• « • • 

... 1 

• • • 

b n 

• • • ' 

C n 

a n .. 

* • ^ r * 1 


Proceeding in this way wc can “"f.^'in^^the^resuTting 
a determinant be passed over m parallel fines, tne 

determinant has its value equal to ( l) U- 

Theorem HI. U ^f^eojthe determinant is zero. 

Let the i.h and the jth rows of a deUrminant^ o f 
order be identical. Denote this transformec i determinant 

changing these two particular in sign . Also the inter- 

changing* "of “Ifie^l^ntica. rows® leaves the determinant 

unaltered. 

... A = _A or 2 A=° or A=°- 

104. Minors. 

clement occurs. 

take A = | a i c i 

a , b. 


e.n 


j r 2 ci 2 
a 3 b 3 c 3 rf 3 
a A h t e 4 «, 


The minor of b 2 is 

a, c, (l t 
(i 3 c 3 d 3 

1 C 4 (1 4 
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(Deleting the second row and the second 
occurs in A). 


! do Co 

Similarly the minor of d x is ' a 3 b 3 c z 

flj ^4 C 4 


column in which 


10*41. Cofactors. 

The determinant with proper sign attached, that is left 
behind after removing the row and the column in which a 
particular element occurs, is called cofactor of that element. 

In short cofactor of an element is the minor of that element 
with proper sign attached. 


Take A = 


a, 6 , c 1 d, e x j 

do b, Co do 6 . * 

O 3 b 3 c 3 d z e 3 
a 4 ^4 c \ d \ c.j 

« 5 W c 6 ( h e s 


Here the cofactor of a x is 



bn Co do € 2 
C 3 e 3 
*4 C 4 d 4 e 4 

c 6 d* c 5 


I 

I 


We always attach positive sign to this cofactor (cofactor of 
the left hand topmost element). 


To determine the sign to be attached to the cofactor of any 
other element, say c 4 , we bring this to the position of a x . This 
c 4 occurs in the fourth row and third column of A . Pass the 
fourth row of £> over the first three rows, the determinant A 
will be now written as 


(_ 1)4-1 


a t b 4 c 4 d A e 4 
a, />, c x d x e x 

do bo Co do Co 

^3 c 3 d 3 e 3 
a s, h c s d s e a 


f 





Now pass the third column in (*j over the first two or (3—1) 
columns, therefore the above determinant can be written as 
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c,o,M««. 1 

e, a, b l d, e l 
U> If 2 ^2 ^2 


C 2 

Co 


r 5 


« 3 *> 3 g 3 

a 5 rfr. e 5 


o 


The element c 4 occurs as the 
left hand column. 

cofactor of c 4 is 

(_ !)«+*-* a, />, «£» e, 


topmost element of the first 


Qo /lo 1^2 ^2 
a 3 ^3 ^3 e 3 
«6 e '» > 


= (_ 1)<+ 3 a 4 6| e 4 

a., bo d 2 e 2 


n 3 &3 ^3 g 3 
Cts br d b c 5 


the capital letter C 4 . Similarly 
th row and jth column of a 
of this element is its minor 

determinant in terms of its 


We denote the factor of c 4 by 
if an element occurs in the i 
determinant, then the cofaclor 
multiplied by (—l) <+> . 

10*5. The expansion of a 
cofactors. 

Consider the determinant 

I'XX Lail-t.*.). 

b 3 c 4 _ 

, ,11 the terms which contain (i) «, (“) ft . l“‘> 

Let us group all the tern written as 

The expansion of the above detennui ^ T he co- 

«, (fc 2 c,-fc 3 c 2 H-6, ( c e»-^_ a fc 2> + C i 0 es no? intolve the letter 'a' 
efficient of a, which is -j 3 * where letters are kept intact 
nor the suffix *1 . It is - ± ( * j> cocl n c ient is denoted by 
and suffixes are permuted, bo 

| b 2 c 2 j 
i 63 c 3 I 

r •„ a So this is denoted by A,, 
which is the colactor of a, m A* 
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Similarly the coefficient of b x does 
letter ‘6’ nor the suffix ‘1*. It is —, a, c 

a 3 c 


neither involve the 
which is the co- 


3 


factor of b x in A and is denoted by Bj. 


Similarly the coefficient of c x is C r 

So A ==a i^i 

Let us now take the nth order determinant 


A = 


<Zj b x ...l x I — 2 

Q o ^ 2 ***^ 2 


a. 


bn •••In 


The coefficient of a x will neither involve the letter ‘a’ nor 
the suffix‘1’. This coefficient will involve all permutations of 
b 3 b 3 ...l n where the letters are kept intact and the suffixes are 
arranged in all possible ways. So this coefficient is the 
cofactor of a x in A* 

Now b x occurs as the topmost element of the second column 
of the determinant. 


Interchanging the first and the second column of A we can 
write the above determinant as 




(1 1 • • • • 

. ! ! 

.*a 

c 2 

a •)•••• 

f 3 
* • • •« 

Q 3- • • • 

.'• i 


h n . I 


-[S(±&i a,.U 


The coellicient of 6, in A will neither involve the letter 
nor the suffix *1*. This coefficient will be — [2 i (a 8 .../„)] where 

the letters are kept intact and the suffixes 2, 3,.. n are 

arranged in all possible wa\s. This coefficient is precisely the 
cofactor of b x or B t . 

Proceeding in this way we can obtain that 

A =n J A,+6 1 B 1 -f CiC,-}-.-WiLj. 













determinants 


183 


• s of the sums of the 

This is the expansion of A in t ^ r ^ d the corresponding 
products of the elements of the hrst 

COfa SilTlarly we can expand A with the help of any other row 

^ "anding A with the help of the tth row we have 

A =«, A,+&iB,+.+ 

Cor. Zero Relations. 


Let 


A = i 


a, 

°3 


*1 


Cl 

Co 

C 3 


a 3 o 3 ^ 1 

, , \ 1 ^ of the first column we get 

Expanding this with the help A 

, he, | = a 1 A 1 +«aA* + a * A » 

A= a, Ci 11 


a 1 
«2 
a 3 


. * we have 

Putting ai =&i, a 2 =t>2»°3 3 


fc, &i 

6. 2 

*3 


Cl 
C 2 
C 3 




' ^ 63 -!hes because it has two identical 

But this determinant vanishes 

. 6,A, + ^2 A 2 + fc 3 A 3 —^. 

• • 1 t .1 ^ following relations 

Similarly we can obtain th 

« 1 a 1 +.,a 1 +«,a,-‘.b.+^ ,+*.£ 

= c 1 C I + c 2 C. 2 + c 3 C a — A 

" d 

When we multiply the element*^Xe^e'deCmlnant 

corresponding cofaclors, we get the 
by adding these products. 
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If we multiply the elements of a row or a column by the 
cofactors of any other row or column respectively, the sum of 
the products is zero. 


Ex. 1. Show that 


1 

1 

1 


a 

h 


c 


h-\-c 

c-f-a 

a-\-b 



Sol. Expanding it with the help of the first row, the 
determinant has value equal to 


given 


1 


b c-f o 

c a+6 


l c + « 

1 a-f-6 


+ (* + <=) | { * 


Or the given determinant is 

= (a6-f-6 2 —c 2 — ca)— a(a-\-b — c— a)+f6 + c)(c— b) 
=ab + b 2 —c 2 -ca — a6-|-ac-f c a — 6 2 =0. 

Ex. 2. Show that 


P 

1 

r 


o 


P 

Q 

o 

8 



Sol. Expanding with the help of the first row, we can 
write the expansion equal to 



q o q 

i q 

q 

• 

<i 

q 

q 

p 

o r r 

—p r r 

r 

+p 

r 

o 

r 


8 8 8 

o s 

s 


o 


* 

Expanding each w.r.t. the first 

row again. 



=p[l?U r I 

: :i]- 


*: 

r 

8 

i + ®l 

r r 

o s 


+*[ 

» : :i-*i 

r r 

o s 

i + q 

r 

o 





— p[o -f q( — rs)] — 2>|0 -f g(rs] +p[g( — rs) — q{rs) -f 2(rs)] 
= - pqrs—pqrs—pqrs = — 3 pqrs. 
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Ex. 3. Expand 

’ n—b b—c c—a 

b -c c—a a — b 

c — a a—b b —c 


Sol. Put a — b=x, b —c = I/, c—a=z. 

x+y + z = 0. 

The given determinant can be written as 


X 

y 

y 

** 

z 

x 

\ Z X 1 

-,l? 1 +; 

z 

X 

y 

1 X u 

1 = y 


= — (x 3 +// 3 z 3 — 3xyz). 
The above determinant 


= —{x-\-y+-z)(x' l -\ry~-\r zi —y z —zx—xxj) 
= 0, as x-\-y -\-z =0. 


Ex. 4. Factorize 

1 

a 


1 

I) 

/> 3 


1 

c 

c 3 


Sol. Expanding it w r t. the first column we can 
above determinant equal to 


1 


b 

6 3 


a 


\ 

b 3 


1 


+ a 


4 


\ 

b 


write the 


1 i 


== ^ C 3_/,3 c )_ a ( c 3_/ > 3 ) + „3 (c _/ > ) 

= —bc(b—c)(b + c) + a{l> — c)(b 2 -\-bc+c 2 '^-^(b - c). 
= (b — c)[ — b i c — be 2 -f ab 2 + abc + ac 2 - a 3 ] 

= (fc _ c )[ — b 2 (c — a)-bc(c—a) + a(c*-a 2 )) 

= (b — c (c — a)\— b 2 - bc + ac + a 2 ] 

= (& — c)(c— a)[(a-b)(a+h) + c(a-b)] 

= (b — c)(c— a)(a— b)(a-\ b+c). 
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EXERCISE 23 


Expand the following : 

1 . |123 

i 2 3 4 

13 4 5 

Show that each of the following determinants vanishes 


2. 

a 

h 

y 

3. 

a 

b 

c 

1 

h 

b 

f 


a — b 

b— c 

c—a 

| 

0 

b 

c 


b + c 


a +b 


4. 


b —c c — a 
c — a u — b 


a — b 

b— c 


I 5. 


a-b b—c c — a 


3 15 2 

2 5 7 3 

8 9 14 

6 15 21 9 


6 . 


1 


to 


CD CD 

to* 1 


10 

1 


where u>, w 2 are two cube roots oi unity 


<0 


Show that 
x 


7. 


i 

*2 

*3 


1 Vz+Vs 

1 2/a + 2/i 

1 2/1 + 2/s 


x 


2/i 


1 


*2 2/2 1 


2/3 


1 


8 . 


i 0 

X 

y 


9. 1 a 

a 

a 

0 

! —* 

0 

*r 

= 0 

b 

i 

b 

0 

b 

I § 

1 —2/ 

— z 

0 


! c 

0 

c 

c 




! o 

d 

d 

d 


=—3 abed 


10 . 


to 


a 


to 


to° 

1 

to 


to 

to 

1 


= 3 


(K.U. 1959) 


11. Find the area of a triangle whose co-ordinates of vertices 

are (1, 0), (3, 3), (2, 5). 

12. Determine the sign of 

(i) a 2 b 6 c 3 dj e 5 J\ in a determinant of 6th order. 

(ti) a 3 /> 4 Co dr, e, in a determinant of 5tli order graphically 

Factorise : — 


13. 


1 1 1 

a b c 
a 2 6 2 c 2 


14. 


a b c 
cab 
b c a 
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15. 


1 

x 


V 

y 


l 


16 


b-\-c c + « a +b 
c-f-rt a+b b-\-c 

Theorem IV. // «!l tL' 

be multiplied, by a common factor, the 

multiplied by that factor. expansion of a determi- 

Let A=S±(«i b, c 3 oth row of this determi¬ 
nant. Multiplying the elements ot the p 

nant by K we get the new determinant 

. ^1 

. ^2 


A' = 


«» 

do 


b, 

b. 


Cl 

c« 


Ka„ Ktp Kc. 


K/ 


a 


'n 


i. 


Expanding A' w.r.t. its pth row we ha y e 
Wh erel Utter, 

or A ' = K[a p A p + ^pBp+.+ 'p l p * 

Theorem^/ - 

coTwi*^ o/ tfe ««m o/ m «er W *. Me m,,M,n ' 

a «um of determinants. 

Illustration Let Z- «. + «. ''■ + ?■ «‘+ Y * 

a 2 2 

a. bj c 3 


where 

or 


Expanding Aw r t. its first row we get 

A =(«i ■+ «i) A i^ + B, + ( :+ 1 . 

A, = Va“ V’2- B 1 =c 2 «3-V 2 , c 1 = fl A-' ,A - 


A — (°iA -f Bj-+ c,C,) 

+ (« I A, + A7iBi+ ii U i) 


a. 


Cj 


°1 

3. 

Yi 

* 



+ 


h i 

w 

c» 

a a 

*3 

C 3 

V 

1 

«3 

bj 

r 3 


Sum of two determinants. 
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Let A = ' Oi &i . h 

(l o ^2 ••••••/o 


a,i 1> T1 . l n 

I 

J 

I I 

! a n b n . l n 

= o rl A rl -^ 6 r iB rl -f-.+/ rl L rl 

(on expanding it w.r.t. its rth row). 

Let A '= a i b i . l i 

a 2 0% ...... 1'2 


I a n + a r2 + •••+ a fm + ^ri + ^r2+- — -f ^n-f^r2 +- "Hrm 

,°n b n In 

Expanding A' w.r.t. its rth row we get 

A ,== ( fl rl-f a r2+.-f °r»n)A ri -f (t f i + Z>,2+.+^m)® r i+ ,M 

+ ^r2+.~Mrm)L rl 

or A , = ( rt ri A rl -f 6r, B r , +.+ hi Lr,) 

+ (®r2 A rl -4*^r2 b nn . ~\~lrm L ri ] 

”1”.H - f.G,m A f .ifm 



«1 

« 3 

1 . 

• • 

&2 • • 

1 t 

• •••*!. 
• • • ■ /o 

' 

“l 

a 2 

b x 

6 .» • • 

• • • • / ^ 

. .••/o 

. 

i 

a 2 

• • • 

6 2 • • • 

• •. / 2 








• • * • t 

°rl 

b 9l ... 

1 

_ _ 

-L 

• 

i Q m fo 

1 

b r o • • 

... ./ f o 

+ ••• + 

®rm 

•* 

./r-l 








• • • • 

On 

K .. 




b„ .. 



1 a„ 

*>n .. 

- 1 


The R.H.S. is the sum of in determinants. 
Hence the theorem. 
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Theorem VI. // to mch elements of a line of a 
be added the equimultiple* of the corresponding elements of one o 
more parallel lines, the determinant remains unaltered. 

Illustration. Let A — a i 

a 2 b, 

«3 

Expanding A with the help of its first row we get 
A =a 1 A, 4 - 6 1 B 1 + c 1 C 1 . 

Let us add to the elements of the first rowK tunes the 
corresponding elements of the second iow, n „ 
determinant 


Cl 

C» 

C 3 


a, 

a. 


A'=! a. + Ka./i.-l-KL Lc.. 

b 2 c, 

63 C3 

= (a 1 Ka 2 )A 1 + (/fi + KMB l + (c 1 +Kc 2 )C 1 

= (K.a 1 A 1 + 6 l B 1 -hc 1 C 1 ) + K.(a..A l -l-6 a B,+c 2 C l ) 

b.. 


fl 1 b , C, 

a. b., Cn 

4"^ | 

a 3 c 3 | 


i determinant 

vanishes 


a. o., r., 

a., b, c., —A 

b;i C 3 I 

for its two rows arc 


identical. 

Proof. 

Let A = 


a.. 


I'i 

b., 


lx 

L 


"r 


hr 


In 


ing elements of its second row, .• 

elements of its Kth row ; we get 
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«1 

a 2 


•. . 

. b 


a r + a l a l + a i a 2 + • • • 

... 4-ot fc ajfc, 6 r 4-a 1 6 1 4~.+ 

4-*i^i 4-. 

. lr 1 

4- j 



b n 

1J 


Expanding A' with respect its rth row we get 
A' = (a, + a ,cr x + o- 2 a 2 +.+ fc) A r 

-f-(6 r H-aj6 1 + a 2 6 2 +.4" <* 

4 *.4-(?r+ c fl^l _ l _a 2^2 - t".H" a fc^fc)-^’f 

= (a r A r 4-6 r B r +.+M-*r) 

+ «i( a i + &iB r 4“.+ IJ-r) 

+ a o(a 2 A r 4- 6 2 B r 4-.4- J*L r ) 

4“.4-0 r fc( a fcA r 4-fejfc®r - i".4*^*;L r ) 

Referring to the article on zero relations we observe that the 
relations in the brackets except the first vanish. 

A , = A [ •* a r A r 4-&,B r 4-.4-J r L. r =A]* 

Remarks. Sometimes a number of parallel lines can be so 
altered that the value of the determinant remains unaltered. 

(*) We can prove that 


a x b x c, 

a l -\-ldo-\-rna 3 b x -\-lb 2 + mb 3 

M A 

Ci + lco+mc 3 ' 

do bo Co 

= a 2 4-7ta 3 o 2 4-n6 3 

m 

c 2 4 - nc 3 

a 3 b 3 c 3 

a 3 b 3 

C 3 


The right hand determinant can be split up into 6 determi¬ 
nants out of which five determinants vanish, the 6 th determinant 
being equal to A- 

(ii) If pth line of a determinant has been altered by means 
the </th and rth parallel lines, then 5 th and rth lines 
cannot themselves be altered by means of the pth line as it stood 
in the original determinant. 
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If we take A = a x -\-la,ma 3 b t -rlb. £ -\-mb 3 c l -\-lc i -\-mc 3 

a 2 -\ na l b,-\-nb l c,-\-nc x 

«j+ 2 >Oi b 3 + pb l c i + pc l 


Here A ,can he split up into 3x2x2 — 12 determinants. 
Only nine of these will vanish, and the remaining three are 




Cl 

la 2 

lb. 

1C 2 

I ma 3 

mb 3 

me 3 

a 2 

b 2 

C 2 i 

, na l 

ub l 

nc l 

1 «2 

b. 

c 2 

a 3 

b 3 

c 3 

«3 

b 3 

C 3 

pa x 

Pb x 

PC\ 


A' = [l— nl — mp] A- 

Here first row has been altered by means of the second and 
third rows. Also the second and third rows have been altered by 
means of the first row. Here we observe that A'9 6 A* 

(Hi) In addition to above conditions one of the parallel lines 
of a determinant (at least) should be left unaltered, otherwise 
the determinant changes in value. 

Ex. Prove that 

a,-f/a 2 b t -\-lb, c l -\-lc. t 

a t -f- ma 3 b, -f mb 3 c, + mc 3 ^ A • 

a 3 ina l b 3 + nb t c 3 + nc t 

where A = a, b t c, 

a 2 b 2 c., 

1 ^3 b 3 c 3 

Theorem VII. If a determinant vanishes for x-=*a, then 
(x—a) is a factor of the determinant. 

Since the determinant involves x and vanishes for x =a, so 
its expansion will also vanis h for x=a. 

( x — a) is a factor of its expansion or (.c — a) is a factor of 
the determinant. 

Ex. 1. Show that 


l 2 

2 2 

3 2 

42 

2 2 

3 2 

42 

5 2 

3 2 

4 2 

5 2 

6 2 

4 2 

5* 

6 2 

7» 
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Sol. Subtracting the first row from the second row, the 
second from the third and the third from the fourth we have 

A= | 1 4 9 16 

3 5 7 9 (where A is the 

5 7 9 11 original determinant 

i 7 9 11 13 

Subtracting the second row from the third row and the third 
from the fourth we get 

A = 1 4 9 16 

3 5 7 9 

2 2 2 2 

2 2 2 2 

Since here two rows are identical, therefore this determinant 
vanishes. 

Note. R,, R 2 ,.will stand for first row, second row,. 

and Gj, C 2 .will stand for first column, second column,. 

Also operating R 2 —R x will mean “subtracting the elements of 
first row from the corresponding elements of second row.” 
Henceforth we will be using these symbols. 

Ex. 2. Prove that the determinant 

1 + a 2 — 6 2 2 ah —2b 

2 ab 1 —a 2 + 6 2 2 a =(1 + a 2 + 6 2 ) 3 . 

2b -2a 1— a 2 +6 2 

( Trinity > 

Sol. Operating R,+bR 3 and R 2 —aR 3 we get 

A= l+a 2 + 6 2 0 — &(l+a*+ 6 *) 

0 l+o*+ 6 * a( 1 -f a 2 + 6 2 ) 

2b —2a 1 —a 8 — b~ j 

= (1 +a 2 + 6 2 ) 2 ; 1 0 —b 

0 1 a 

| 26 — 2 a \-a*-b* 

Operating C 3 —aC 2 + 6 C 1 we have 
A = (l + a 2 + 6 3 ) 2 I 1 0 0 

0 10 
1 2 a — 2 a l+a*+ 6 2 
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Expanding it with the help of R, we get 

A= =(l+« 2 +fc 2 ) 3 . 

Ex. 3. Evaluate. 3 7 9 6 

8 4 5 8 

7 10 3 5 

10 2 9 8 

(K.U. B.A . ; 1961) 

Sol. Operating G 2 —C, (to get ‘1’ so that further operation 
becomes easier) we have 

A= 3 1 96 

8—4 5 8 

7 5 3 5 

10—6 9 8 

Operating 0,-30,, C 3 —3C„ C,—2C, (to get zeroes) we 
have 

A = 0100 

20 —4 —19 —8 

—8 5 —18 —9 

28 —6 —21 —12 


Expanding A with respect to R, we get 


A =— 20 

— 19 

"o 

—8 

— 18 

—9 

28 

—21 

— 12 i 

Multiplying R, by 2, R 3 

by 2 and 

dividing the determinant 

4 we get 



> 

II 

1 

O 

—3 1 

— 16 

— 8 

— 18 

— 9 

| 56 

—42 

—24 

Operating R,-f5R 2 and R 3 +-7R 2 

we have 

A=— i i 0 

— 128 

— 61 

: -8 

— 18 

—9 

0 

— 168 

—87 
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Expanding A iv.r.t. C lf 


. —128 -61 
A=— % — 168 -87 


— -^-[128x87—168x61] 


= -8x8x_3 [16x29 — 7x61] 

_ - 192 x 37 = _ 7104 = __ 1776 
4 4 


Shotv that 


loo 2 a*-\-bcd 
1 b b- b* + acd 0 

; 1 c c 3 c 3 -{-ubd 
i 1 d dr d 3 -\-abc 

Sol. Here the determinant can be expressed as a sum of 
two determinants. 


A = 1 

1 

a 

a 2 

a 3 


1 a 

a 2 

bed 

b 

6 2 

b 3 

+ 

i 

b 

b* 

acd 

1 

c 

c 2 

c 3 

1 c 

c 2 

abd 

1 1 

d 

d 2 

d 3 


i 

d 

d 2 

abc 


Multiplying R„ R 2 , R 3 . R* of the second determinant by 
o, b, c, d respectively and dividing the determinant by abed we 
can write it as 


1 a a 2 a 3 abed 

~Zbcd b b ' 1 1)3 abrd 

c c 2 c 3 abrd 
d d 2 d 3 abed 


Taking abed common here from the C. t and then passing the 
C 4 over the first three columns we get its value as 


1 a a 2 a 3 

- 1 b b” b 3 

1 c c 2 c 3 

1 d d 2 d 3 
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Thus A = 


\ a 
1 b 
1 c 
1 d 


a 2 

6 s 


= 0 


. 5. Shoio that 


l+«i 

1 

1 

1 


1 l 1 

1 + O2 ^ ^ 

1 1 "f °3 ^ 

1 1 l+«4 


= a 1 a 2 a 3 a 4 [^ 1 -h~^ + a ., + a 3 + a t J 

Sol. Operating R x )« R 2 )’ R;J ( « 3 )' 1 ( a 4 ^ 

and multiplying the determinant by aja 2 a 3 o 4 we have 

,, i _L -I. J- I 

A=«i a 2 a 3 a 4 a a t ft 


a. 

a l 

a l 

* 

1 

a. 

1 

1 

1+ a. 

«2 

l” 

1 

1 

+ i TT - 

<*3 

«3 

fl 3 

1 

1 

l 


«4 

"4 


1 + 


Operating R 1 -bR2+ R 3 + R -» %vc * ia%c 


+ 1 


+ 1 


A. 

«3 

_-f 1 


a* a 4 


Operating C 2 —C 2 , C 2 —Qj» ^3 v * c 8 et 
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= (a,a a a 3 a 4 )^ l + + a ^ r a4 ) 


0 

— 1 


0 1 

0 — 

1 -1 


—+- 

i+. 

_L+ 

-V 

Oi 

a 3 

a 3 

aj 


_L+ 

J_ + 

±\ 

—+ 

a 2 

«2 

aj 


— 1 
0 
0 


-1 --+1 

«4 

— 1 0 

— l 1 

0 -1 


6. Prove by the Remainder Theorem that 

6+c a—c a—6 

b — c c+a 6—a =8a6c. 

c—b c—a a+6 


Sol. Let A = Me a—c o—6 

6—c c+a 6—° 

c—6 c—a a+6 j 

Putting a =0 here we get its value equal to 


6+c 

—c —6 

6 + c 

—i 

-i i 

. 6—c 

c 6 =6c 

b — c 

i 

i 

c—6 

c 6 

c —6 

i 

i i 


= 0 . 


a is a factor of A • 

Similarly 6 and c are its other factors. 

Since the expansion of A is a cubic expression in 
therefore any other factor (if possible) must be a constant, 


a, 6, c. 


we can write 


6 + c a —c 

b—c c+a 

c—6 c—a 


a—6 

6 —a =Ka6c. 
a -f6 
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Putting a = b = c= 1 

except a — b = c —0 

2 
0 
0 


or any other values 

we have 

0 0 

2 0 

0 2 



or 

Thus 


K=8. 

b+c a — c a — b 

b—c c + a b — a 

c—b c— a a + b 1 

EXERCISE 24 


= 8a6c. 


Evaluate :— 



9 

5 

3 

9 

9 

5 

3 

9 


6 

8 

5 
8 

6 
8 
5 
8 


Find the factors of : — 



b 

a 

c 


c 

b 


a 



^3 y S §3 

0 2 Y 2 5* 

P y 8 

1 1 1 

x y 

0 Y 

Y 0 

— P — a 



a 

0 


i 


* 







8 . 



b+c 


c+a 

a+b 

c-\-a 


a+b 

b+c 

1 a-\-b 


b+c 

c + a 

1 


1 

1 

tan A 


tan B 

tan C 

sin 2A 

sin 2B 

sin 2C 

where 

a+b+c 

c= 180°. 

1 


1 

1 

6+c 

be 


c + a 
ca 

a+b 

ab 

0 

X 

y 

z 

a; 

0 

z 

y 

y 

z 

z 

y 

0 

X 

X 

0 

X 

a 

a 

a 

i a 

X 

a 

a 

1 a 

a 

X 

a 

a 

a 

a 

X 
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11 . 


I 2/2 

Show that 


12. 1 be+ad b 2 c*+a'd* 

i ca-\-bd c 2 a 2 -\-b 2 d^ 

1 ab-{-cd a 2 b*-\-c 2 d? 


18. I a 


c 

c 2 

ab 


14 . 

a b 

c d 



b c 

c d 

d a 

d a 

a 5 

6 c 


15 . 

x l 

a x 

a £ 

a (3 

TO 1 

n 1 

x 1 

Y 1 

1 

16 . 

(b —c) 1 

(a—6) 2 

(a-c) 2 


(6—a) 2 

(c-a) 2 

(6-c) 2 


(c— a) 2 

(c-6) 2 

(a—6) 2 

17 . 

(b+c) 2 

a 2 

a 2 


b 2 

(c+a) 2 

6 2 

1 

• 2 

c 2 

(a + 6) 2 

18 . 

| -2a 

a-|-6 

a+c 


j b+a 

—2b 

fc+c 



e-\-b 

-2c 

19 . 

a b 

c 

d j 


b a 

d 

c =(a-t 


c d 

a 

! 


d c 

b 

o 1 

20. 

a 2 a 2 - 

~{b—c) 2 

be 


6 2 fe 2 - 

-(c—a) 2 

ca = (6— 


c* o 2 — 

. (a—6) 2 

ab 


—(a—b)Co — c)(c—a)(ab-\-bc-\-ca) 

[K.U. 1962] 

— —(o+6-t*c+<2)(a— b-\-c —d) 

[(o—c) a +(6—<*)*] 

I 

=[x—a.){x—p)[x—y) 

[P.17. 1945] 


_2(a*+6 2 -f c 2 — be—ca 


6)*. 


=2 abc(a-\-b -f c) 2 


=4(a-f 6)(6-f c)(c-f a) 

[K.U. Inter., 1954] 

»-f-c + d)(a— b-\-c— d) 

(a—b — c+d)x(a-\-b—c—d). 


(a 2 +6 a +«*) 

[K.U. 1961] 
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Solve for x :— 


21 . 


22 


23. i a— 


*4-1 

2x 

2x4-1 

4x4-3 

3x4-1 

6x-f-3 

*4-2 

2x4-3 

2x4-3 

3x4-4 

3x4-5 

5x4-8 

a —x 

b c 

b c 

—x d 

c 

d a—x 

d 

a 6 

Expand 

1 x a 

b * 


4x-M 

Gx4-4 

8x4-4 

3x4-4 

4x4-5 

10x4-l 7 


d 

a 

b 

c —x 


= 0 


[ P.U . 1939] 


25. Evaluate a 


26. If A = 


\ ill 3a+26 + c 4g + »+^+- (I 
a 3a4-6 6a4-364-c 10a4 664-3c4-d 


Show that 


a 

ft 


= - |A P+Bm»+C«*+2F«.» 

4-2Gn?4-2H/m] 


1 » •» 

l m n o I 

where A, B, G.are the cofactors . . r«P ec 

tlVe What^ype of factors does this expansion have when A =0. 
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27. Expand 

a z -\-T\ ab a( l 

ab 6 2 + 7v be bd 
ac be c 2 +* cd 

ad bd cd d* + 7\ 

and show that the expansion is divisible by 7\ 3 . 


28. Show that 

a+6-fwc (n—l)a 
(n—l)c 6-fc+wa 
(»— l)c (»— l)a 


29. If*, y, z are different and 


a; x 2 1+X 3 

y y 2 l +y 3 

Z 2* 1 -j-z 3 


prove that \+xyz=0 



(n-l)b 
( n — 1 )b 
c-\-a-\-nb 


=n(a-p6+c) 


80. Show that 

0 111 
10 c 3 6* 

1 c 2 0 o c 
1 6 2 a 2 0 |. 

31. Show that 


0 a b c 
a 0 c b 
b c 0 a 
c b a 0 


I — a(6 2 -4-c 2 — a 2 ) 
1 2a 3 

* 2a 3 


2b 3 

— 6(c 2 -f a 2 —fc 2 ) 
2b 3 


2c 3 
2c* 

— c(a 2 -f-6 8 —c 9 


= afcc (a 2 -j-6 3 + r ' 2 ) 3 » 


32. Prove that 


a 3 

3a 2 

3a 

1 

a z 

a 2 -|-2a 

2a+l 

1 

a 

2a + l 

a-f-2 

1 

1 

•» 

O 

3 

1 


) 

l = (o-l)* 
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33. Show that 

! sin 2 A sin A cos A cos 2 A 

sin 2 B sin B cos B cos 2 B 

i sin 2 C sin C cos C cos 2 C 

= — sin(A — B)sin(B —G)sin(G —A) [P.U. 1060] I 

84. Show that 

{x — a) 2 (y — a) 2 (z-a) 2 

(x-b) 2 ( y-b ) 2 (z-b) 2 

(x—c) 2 ( y—c )* (z — c) 2 

= 2(a—6)(6— c)(c — a)(x— y)(y — z)(z— r). 

35. Prove that 

—6c 6c 4-6 2 6c 4" c 2 
ca 4- a 2 — ca ca 4- c 2 
a 64 -a 2 ab-\-b 2 ah 


= (ab-\-bc-\-ca) 2 . 

86. Solve for x 

x a a a a a 

a x a a a a 

a a x a a a =0. 
a a a x a a 

a a a a x a 

a a a a u x 

37. Prove that 

a 6 a a 

a 6 6 6 4-(a — 6) 4 =0. 

6 6 6 a 

a a b a 


10 6. Crammer’s Rule of Solving a system of Linear 


Let a l x-\-b i y-\-c l z = d t 
a i x-\-b 3 y-\-c 2 z = J., 

a 3 x ~t-b 3 y-\-c 3 z=d 3 

be a system of linear equations 


.(*') 

.(u£) 
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Let A B , C x .denote the cofactors of a it b lt c x , . 

rCSP MuU^ing (i), («). («i> by A„ A,. A, respectively and 
adding we get 

^(0iAi+ a 2 A 2+03^3) \ i r \ =d,Ai4-d 2 A2 

+y(6,A 1 + 6 a A 2 +6 3 A 3 )+=(CiA 1 +c.A.-re 3 A3 a ^' r \i^ 3 . 


But a.A 1 4-aoA 2 -f-®3 A 3—A . , A _ 

and 6 ,A X + 6 2 A 2 -f ^ 3 A a ® c i A i+c 2 A 2 +c 3 A 3 


0 on account of 


:zero relations. 

Thus a; A =d 1 A 1 +d 2 A 2 +^3 A 3 

oriA= ^1 ^1 c * 

d 2 6 a C 3 

d 3 6 S c a |. 

or x= d x b j c x / 

rf 2 6 2 c 2 /A 

d 3 63 c 3 / 


where A =1 a i c » 

a 2 62 '2 

I a 3 6 3 c 3 

Similarly t/= a 1 c i 

l«a ^2 c 2 

'a 3 Aj c 3 


/A.2 = 


«i 6 x | /A 

a 2 b z (k I / A« 
a 3 63 


(a) 


We can also write the results as 

(d,6 2 c 3 l (“Alai , = . 

x_ /» /. \ ’ ^ (a,6„c,) (0,6303) 


<!&) 


x= («Ac 3 ) ’ (a,6 2 c 3 ) ' W* 

The above results can also be written as 



61 

Cl 

«1 

di 

c i i 

■ 

d 2 

63 

Co ‘ 

a 2 

do 


d’3 

6 3 

C 3 

a s 

^3 

C 3 1 


~bi d x 

6 2 d 2 

6a d 3 


a x b x Cj 
®a 63 Cj 

O a 63 c 3 
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variables. 


Ex. 1. Solve 


x-f 2/ + 2 = 1 
3x- -+- 5 y -+- 62 = 4 
9 x + 2 y —36=17 


[P.U. 1919 ] 


Sol. Here A = 


1 

3 

9 


1 

5 

2 


1 

6 

— 36 


operating Gj—C a and C . 2 C 3 we get 

A = 


0 

— 2 
7 

1 
5 

2 


0 

— 1 
38 

1 

6 

— 36 


1 

6 

-36 


= —76 + 7=—69. 


0 0 1 
-1 -1 6 
15 38 —36 


x = 


— 69 


— 69 


-38-1-15 
= -69 


y 


1 

3 

9 


(operating C x — C 2 , C 2 C a ). 

1 I 1 

4 6 

17 -36 


—69 


_ (operating G,— C 2 , C 4 G 3 ). 


r. 

— 1 
— 8 


0 

— 2 
53 

"3169 


1 

6 

-36 


53—16 
— 69 


= 1 . 


Also 


1 

3 

9 


1 1 
5 4 

2 17 


z = 


— 69 


_ (operating 


C, — C 2 , C a —C 8 ) 


A TEXT BOOK OF ALGEBRA 


0 0 1 
— 2 1 4 

7 -15 17 


23 


—69 


69 




Ex. 2. Solve 


x+y+z=a+b+c 


* + -g-+-^-=3 

a ' b c 

ax-\-by+cz=bc -\-ca-\-ab 


Sol. Here A = 


1 

1 


1 1 

_1 _L i 

a b c ' 
a b el. 

Operating Cj—C 2 and C a — C 3 we get 


A = 


0 0 
1 1 l 

abb 
a —b b —c 

_ 1 ___ 1 _ 

a b 

a — b 

b—a c—b 

ab be 
a—b b—c 


c 

J_ _1 

b ~ c 
b — c 


1 

1 

c 

c 


(q —6)( fr —c) 
6 


(a — b)(b -c) 
b 


or 


-A = 


Thus 


x= 


L c a J 

— (q — fr)(6 — c)(c—a) 
abc 

a -f- b -f c 1 

3 Mb 

bc-\-ca-j-ab b 


( P.V . 79i7) 


1 


a 

1 


1 

1/c 

c 


( — a — b)(b —c)(c— a)jabc 


c 

1 
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Operating 


or 

or 

or x*= - 

or 

Again 

Operating 


x— 


— 6 C 2 — cC 3 

and C 2 

— C 3 we get 

a 

0 

c — 6 

1 

1 

6 c 4 ca + a 6 

fee 

1 /c 

« 

1 

►o 

1 

6 — c 

c 


X — 


— ( a — 6 )( 6 —c)(c — a)Jabc 

a 0 

1 — 1 / 6 c 

6 c-|-ca-|-a 6 

— 6 2 —c 2 1 


1 

1 /c 


x = 


— (a— 6 )(c — a)/abc 

»C-t— r)+(‘+- 5£:! ^ ± 2r 


—b 2 —c 


0 


— (a— 6 )(c — a /a 6 c 
ac—a6-f26c-+- ca-f ab — 6 2 —c 2 


a 6 c 


be 

alb — c) 2 


x- 


— (a — 6 )(c—a) 


y= 


(a — 6 )(c— a) 

1 a-\-b-\-e 

3 

6 c -|-ca 4 -a 6 

— (a— 6)(6 — c)(c— a),'abc 

Cj —C 3f C 2 —aC, — cC 3 we get 

0 6 
c — a 


a 

a 


1 

1 

c 

c 


!/= 


ac 


1 


a — c bc-{ ca~\ ab—a 2 —c' 


1 

i_ 

c 

c 


— abc . 


— (a — 6 ) ( 6 — c)(c — a)/abc 

0 6 
1 


1 / 


ac 

— 1 


1 


6 c + ca-4-a6 — a 2 — c 2 


1 

1 _ 

c 

c 


(a — 6)(6 —c) 


or 
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/ be 4- ca 4* a b ° a 


- abc £ —&( — + c ) + ( 


— C‘ 


ac 


+ l ) 


(a — b ^6 — c) 


or 


or 


or y = 

_ fc r _6c - ab+6o±co+?6 J -o ! - c“±ac] 

2/= —-~ (a— b)(b—c) 

b(c — o) 2 

y — (a— b)[b-c) 
similarly we can prove that 

c(a — 6) 2 > 

2 = ^-c)(c-o) 

lOT Consistent equations. 

If we are given four equationstte^of th^four“quaUon” 
®nd Kthe^ valu"e satisfy the fourth equation, 

then these e four equations are sa.d to be conststent. 

Case I. Let the four equations be 

a 1 a:+i>i2/+CiZ+^i=0 

a «x + b.,y + c 2 z-\-d 2 = 0 
a 3 x 4- b 3 y + c 3 z -j- d 3 =0 

(i t x + 6 4 i / 4 - c i z + d A =0 

These are given to be consistent. 

_ 1 __rr a ♦ 


a: 


A 

d, b 2 
d 3 b 3 


Cl 

c 2 

C 3 



v 


z__ 

1 

fl, tf, c, 


a x 

1 

1 1 * 

^2 

— 

a 3 £>3 ^3 

1 

4 

a 3 «3 c 3 

■ 4 

a 3 & 3 <*3 

1 


a 2 b 8 c 8 
a, 6 3 c 9 
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< >i 



Substitute the values of x , y, 
we get 


— a 


z in the fourth equation* 


&1 

Cl 

d , 


Cl 

d , 

1 °i 


I 1 

! b 2 

C-i 

d. 

“f" b i O o 

c 2 

(h 

— c 4 a 2 


d 

b 3 

C 3 

d 3 

"3 

C 3 

dl 

1 «3 

^3 

d 3 ' 


q-f/j 


= 0, 


h i c 


bj c :i 
l>. , Cl 


Cn (f-i 
C-.1 d 3 

Cl ^4 


= 0 . 


So the determinant formed by the coefficients in the above 
equations is zero. This result is also the eliminant of the above 
equations. 

Case II. The equations are homogeneous. ' 

Let the four equations in x, y . z and t be 

a A x 4 b ,y + c k z 4- tl t t— 0 
a 2 x -\rb..y-\- c z z -f d.J .—0 
a 3 x-\-b. A y-\-c.j. f i/ 3 t=C 

a x x -f- b 4 y -f- c x z 4- d 4 t = 0 

x=y — z = < = 0 satisfy the above equations and this solution 
will be called an ordinary or trivial solution of the above 
equations. 
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However if z, y, z, t are not all zero and if, at least, tyt 0, 
•we can write the above equations as : 


°> (x) "H 6 * (“t~ 

) +Cl ( 

x)^=° 

a * (x) +6a 

) +C2 ( 

:; )+^-° 

°* (f) + * 3 ('t 

) +C 3 ( 

:-r)+*-° 

a > (x) +6 ‘ (“f 

) +C-4 | 

:: )+*-°- 


’From these equations we get 

ylt 


k 

Cl 


m * | 

a i 

Cl 

^i 

tt, 

b 2 

c 2 

rf 2 


a i 

C 2 

<*2 

i «2 

b , 

Ca 

d 3 


°3 

C 3 

d 3 

! a 3 


— z't 

b x 

b* 

b 3 

1 


d\ 

d 


2 


«1 
"a 

I 


b a 

bz 


C 2 

C, 


Substituting 

the values of 

X 

"T 

y 

’ * 

Z 

•* 

* 

in 

equation we get 









bi 

Cl 

d t 


«i 

Cl 

di 

1 


— a 4 

b-z 

Co 

d.. 


fl.) 

c 2 

dn 

— c 4 

1 



b 3 

C 3 

d a 

1 

«3 

C 3 

d 3 

1 










«i 

& 








-\-d x 

«2 

6 










6 





«1 ^1 

Cl 

<*1 









C. 


r\ 


or 



— •• 

**3 ^3 

C 3 

d“z 

= u. 






a 4 ^4 

C 4 

d< 




or 


1 

a i ^2 

C 3 

d t 

1=0. 



- — in the fourth 


i 

'2 

'3 


«1 

«2 

°3 

Cl 


b x d x 


b 2 


df 
d. 


= 0 . 


D ETERMINA5TS 

tx. 3. lilimintUe a, b, c from the equations 

b _ 


>03 




b — c 


y= 


z = 


c —a 


o—6 


(M.'J'.) 


Sol. The above three equations can be written a, 

a—bx 4 -cx=U 

ay-\-b—cy=0 

az — bz — c—0. 

Eliminating a, b, c we have 

i i a 4 


or xy + yz + er+ 1=0 (on expanding,. 

Ex 4 if x , t/, z are not all zero and 

ar.-\-by + cz =0 

6x + cj/ + oz~° 

e.r + a z/+ 6z =- 0. 

. .. 1 . 1 : 1 f or 1 : to : to*, or 1 s to 2 : to. 

Sol. 1 Eliminating *, y. z from these equations we get 

i i ! : uo 


Expanding this we get 

— (a 3 4- 6 3 + ° 3 — 3«6c) = 0 

a 3_pfc3 +c 3_3 abc — 0 

or (a4-fc+c)(fl4-^+« ,?c ) (a+, ^ + U ’ C):=0 

* -+~ + " 

: + i + r +C ) or -(&«' +•««"*, «• 

From the first two equations by cross mult.pheat.on 

_ y 

- I 9 


X 
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or 

x : y : 

If 

x : y : 

If 

x : y : 


...(<) 


a= —(6-f c) then from (t) 
z=-[b 2 +bc + c 2 ) : —[ 6 2 -f 6 c+c 2 ] : -[ 6 *- 
= 1 : 1 : 1 . 

a= — [ub -f w 2 c) then from (i) 

: = — (tc6 2 -f- to*bc +C 5 ) • -(u> 2 6 2 +u> 4 c 2 +6c 

: —(b 2 +tcbc+w n -c 2 ) 
= (tub 2 4 - to* 6 c-f-c 2 ) : (ttf ? 6 2 +w^ 6 c-H«:*) 

: (»r 3 6 2 +tc 4 6 c+ w 2 c 2 ) 
=(u'b 2 -\-w 2 bc-\-c 2 ) : w(tcb*-\-urbc-\-c 2 ) 

: U'*(trb 2 -f- tv 2 bc -f- c 2 ) 


= 1 : iv : w 2 . 

Similarly when a= — (u> 2 6-J-cm>) then 
x : y : z— 1 : tv 2 : iv. 

(The student must work it out for himself) 


EXERCISE 23 

Use the method of determinants to solve 


t. *f?/4-z = 6 
■r-f-2t/-f-3z = 14 
*+4»/ + 9z= 36 
3. xy + z = a-\-b -\- c 

x y z n 

-f- 7- + - =3 

a b ^ c 

ax -f 6y + cz = 6c + ca -f*« 6 

•5. x+y + z -M= 1 

*■* + £// -f ys + S* = 

* a ^ + /5>+Y*s+a*l=7t 2 . 
^ -t- 3 3 »/ -f- y 3 z + 5 3 t = ?\ 3 . 


2. .«-(-//+== 1 

<7x4-6j/-}-cz — K. 
a 5 x-f 6 v y-|-c 2 2= K 2 . 

4. ax-\-by-\- cz — d 

a*x + c 2 z=d* 

a 3 x -j- 6*2/ + c 3 z = 3 . 

(K.U. I960) 

6. * —L 

y\-z a 
zx _ 1 
Z \-T 6 

•TV = J_ 
t Vy c 


I) KT EltMIN ANTS 


211 


7. x+y=2xy 
y + z = 2ijz 

z +x = 2zx 


8. bcx + cay + abz-T (& C K C 

(a—M=0 

ax + 6 j/ -j- cz = 0 

«rr+6 2 »/+c 2 r= -(<>-c)(c--a) 



1 



10 . 


* 4 - 3 */ 4-52 = 22 
5x-3y + 2= = 5 
9r + 8»/ —3z= 16. 

Find the sets of solutions for x, y, 2 rom 


xd-1/4-2= 1 

2x + 4i/-32=9 

5x — 4»4-2=0. 


x — y 2=0 

2x4-2*/4-2 = ° 

x -f- 3«/ 4-22 = 0 


Test for consistency : — 

12. x 4- 1 / = 4 

2x4-3*/= 11 
3x4-*/= 4 


13. x r2*/4-3x -r 14 ~ U 
5x4-9!/+ llz + 5 ~° 

3x4-31/4-24-16 = 0 

2x 4- 7 */ 4- 52 4- 30 = 0 


14. Find Tv so that 

x — 2 a*/4-2 = 0 

3 Ax — 7 i/4-42 = 0 

4x4-5*/-9*2 = 0 

are consistent. 

15. Show how to find K where 

l ix -\- m , y 4- «i2 4- Vi — K 
t a x4- "»*!/ + »i* +1>2 = 0 
/ 3 x 4- m 3 */ 4- n :i z 4- = 0 

/ 4 x 4- >'* <U 4- n 4 z 4-P4 = 0 

16. Determine A from the equations 

ax-\-hy-\-(l—Q 
hx-t-by-\-f=0 
C/x-|-/»/4-c = * 

which arc given to be consistent. 
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17. If x =cy+bz, 

y=az + cx, 

z=bx-\-ay _ _ 

show that x :y :z=vl -a 3 *• V 1 — b 2 • V 1 —c 8 . 

18. If x=i/ sin y+z sin p, 

y—z sin a+x sin y> 
z=x sin P+ 2 / sin oc 

show that x : y : s=cos a : cos fi : cos y- 
Also prove that a + p + Y=-y* 

19. Show that the equations 

(6—c)z+(c—a)t/+(a—6)z=0 

(c—a)x+(a—6)i/+(&—c)z=0 

(a—6)x+(6—c)i/+(c—o)z=0 
are consistent, 

10’8. Multiplication of two determinants of the 
same order. 

We shall prove that 


°1 

&1 


«l 

Pi 

Yi 

du. 


<*i. 

bn 

6 2 

c 2 

X a 2 

P 2 

Ya 

= d 21 

d 22 

a 2> 

4 

*3 

C 3 

a 3 

@3 

Y3 

d,i 

d 32 



Where d i pq=a l (t <1 -\-b p p ii -\-c p y q . 

Consider the equations 

(flj—A)x+a 2 ?/ + a 3 2=0 •••(*) 

b x x-\-(b % — 70t/+&3 2=0 •••(**) 

Cjx+c^+tcz—?^)z=0 ...(m) 

Eliminating x, t/. 2 from these we get 

°3 

! b* — b a — 0. 

Cj C 2 Cj—^ 
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Expanding this we get 
— Tv 8 4-LTv 2 — MA + 1 


a 


a 




= 0 


. «2 

C 1 C 2 - 

Where L, M are the coefficients which we need not find. 
Let Tv,, * 2f 7v 3 be the roots of this equation. 


*1 


a-> 

b n 


a 


c 3 


Multiply «),<«. i«« ?■ ™p~«“ , v,-“ t y "S 

—*•**" d 

add. 

This gives 

(d 12 — 7\CL 2 )X ■+-(^22 - TS.PJV + ( rf 32— *Y«) 

(d j3 -TV« 3 )*+(^3--^p3)y+(^33-^Y3)* = 0 

Where d! J10 = apa^-l-^pP<j + c pY<j* 

Eliminating x, y, z from these we get 

<*„ — Tva, rf 2I — *Pi ^si JYi 

d l2 — b* 2 d 2 2 -APi “32 ^Y2 

d, 2 — ^ a 3 ^23“ M*3 ®33“"^Y3 

Expanding this we get 


= 0 


-Tv 3 


«2 
«3 


fit 
P 2 

P3 


Yi 

Y 2 

Y 3 


+ P?v 2 -Q> + 


t/, 2 

<*13 


</ 2 a 

^23 


djl 

^32 

^33 


= 0 


Where P.Qare the coefficients which we need not get. 


From this 7 V|TViTv 2 — 


d a 

d.» 


tZ 


•21 

22 


71 


tt a 

*3 


*23 

01 

fit 

Pa 


31 

32 

d 3 3 

Yi 
Y 2 
Y3 
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Thus 


or 


«2 

«•> 


bn 

b. 


d\i 

^13 ^23 

d, i 

d 3 2 

da 3 

“i Pi 

Yi 

a 2 p2 

Y2 

a 3 P* 

Y3 

Cl 1 

<*1 

Cn I X 

OCo 

C 3 1 

«3 




a i 

*1 

Cl 


a« 

^2 

c 2 


Pi 

P, 

P, 


Yi 

Y* 

Y 3 


Ri 

Note If we denote A by: R« 

R-a 


and 


«3 

&3 

C 3 


*11 
d 21 
d 


31 


rf , 2 J, 3 

(1 22 do 3 

^32 d 33 


A' by | 
A A'= 


R»' 




Ra' 

* 

* 

then 


R 3 ' 




Ri R,' 

Ri 

r 2 ' 

Ro R/ 

Ro 

R-2' 

Rj 

Ri' 

r; 

Ra' 


Ri R 3 ' 

r 2 R 3 ' 

r 3 r 3 ' 


where Ri denotes the first row etc. 

If we multiply the elements of the »th row of A by the 
corresponding elements of the jih row of A' and from the sum 
of these products we get in the uh row and jih column of A A' 
the product determinant. 

Ex. 1. Prove that 


1 a 

b 

c 


X 

y 


b 

c 

a 


y 

•t 

X 

1 c 

a 

b 


z 

X 

y 


= {ax + by -f cz ) a + (ay -f bz f cx) 3 

-\-(az-\-bx-\-cy) 9 —3(ax + by+cz)(ay-\-bz \ cx)x.(az-\-bx-\-cy ) 


Sol. Here 


a b 
b c 
c a 


c 

a 


b 


. .T 
X ?/ 


v ~ 

Z X 
X y 


ax-\-by+ cz ay -f bz-\- cx az -\-bx-\-cy I 
bx + cy + az by-\-cz-\-ax cx+ay j 
cx-4 - ay-\-bz cy-\-az + bx cz-\-ax-\-by \ 
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Putting ax-\-by -\-cz — x > a, J *•' 

and az + bx + cy = t we get its value equal to 

; a P Y | 

Y a & 

I £ Y a 1 

_ „3 _i_ »3_i_ y 3 _ 3aP y ... 

Ex. 2. S/wno , . R 

6 , Pl a.a. + ^P. a 3 a 1 + 6 3 ^ l 


+ a 3 3 a 3 + M 3 ' 


r» 2 0to + bn$n 

a\x~A-byd'i a 2 rt 3“^“^2p3 _ f 

Sol. This determinant can be expressed as a product of the 
two determinants 

- r\ i 

1 



Pi 

0 


a 

a.. 

(*2 

0 

# 

t 

a 

«3 

03 

0 


a 


2 

3 


bn 


0 

0 

0 


Since each of the two determinants is equal 
fore their product is also equal to ^eio. 

3. Show that 

x 2 —yz y 2 -zx 
z 2 — xy x 1 — y~ 
z 2 —xy 


to 


zero, thcre- 


y 2 — zx 


z 2 — xy 

y l — zx 

x 1 — y* 


\ 

t j 

I 


X 

y 


y 


X 


X 

y 


Sol. Here 


Tv 

0 

0 


x 

y 

2 

o 

o 

Tv 


y 

z 

X 

0 

T\ 

0 


z 

X 

y 


2_ il~ 


y~ 

xy 

t f-zx 


2_ 


,f--zx 
x*—y~ 
z 2 —xy 


z 2 — xy 
y- — zx 
x 2 —yz 


= — Tv : ‘ 


where Tv=* 3 -\-y 3 ~\- zi — 

xyz. 



> 3 

So 

x 1 —yz y — zx 

z 2 — xy 

- - 

_ 

— A 


z 2 — xy x 2 — yz 

y 2 — 

1 

X 

y z 1 


y- — zx z 2 —xy 

x 2 —yz 

1 

y 

z 

x y * 
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-V 

-( ar*+2/ 8 + 23 - 3x y z ) 

(x 3 + 2/ 3 +z 3 — 3x</2) 2 


= * 2 


= a 3 +)8 s + T 3 -3a^Y 


x y z 
y z x 

z x y 

II Method. 

Put x*-l/z = a, y*-zx=f3, z'-xy= Y* 

x % —yz y*—zx z l —xy 

z*-xy x i —yz y 1 -** 
y*-zx z 2 —xy x*-yx 

a P Y 
y a p 

, P Y a • 

= (a+ P + Y)(“ 2 + i 3 ^ V s - PY-Y«- “ W- 
= (a+p+T) |- (a _ /3) , + ^_ Y)!+(Y _a)* ] 

(z*+!,»+z’ ! -»z-zs-zsrt f (x'- S 2 -!/'+^)' „1 

='- 2 -o- I +(»*—z» -**+*»)* I 

l_ + t &-*y-x ! +!P=)*J 

(x"+y J +2 J -Sz— 2 ®—(*—J/.V+y+z) 1 

-2 I +<»-*«*+»+*)’ 

L+(s—*)*(*+»+*)* J 

= (* 8 +y 2 + 2 l -y*-zx—,xy)(x-\y+z)*^ -2 ) 

= {x*+y*+z*-yz-zx+xy)*(x+y+z) t 
= (x 3 +y *+ z3 — 3xys ) 2 


Also R.H.S.= 


x y z ,x 

v z x 

z x y 


V 

— (x 3 + 7/ 3 + 2*-3xyz) 1 


= (x*-f «/ 3 -f z 3 —3xyz)*= L.H.S. 
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1. Show that 


1 

1 

1 


a a- 

0 0 2 

o 

Y Y“ 


a‘ 

P' 


— 2a 1 

— 20 1 

-2 Y 1 


0 


(a _ p)2 («-Yj 


0 


(P-Y) 2 

0 


"I (?_«)* Cv-0>* 

2. Evaluate 

^2 . afc + c* ca — O A 

ah-cA 6*+>* 6c + “ 7 il X 

ca-fcTv bc — ar, c +b 

3. Express as a single determinant 

I a 0 ° 

\ h b f 

\ 9 f b 


= 2(a-P) 2 (/ ? -Y) 2 (Y- a ) 8 * 


* 

— c 

6 


c 

* 

-a 


-6 

a 

* 


4. Show that^ * + X I* 


a- ip Y-*5 


of the form 


CL ~X~ *t/ v • 

c q id a — ib 

A. —iB C-*E> i 
.-S-iD A+iB 1 


— Y — 1 8 


a+i0 


IS 


Hence prove Euler s T h of foursquares 

“The product of two sum » 

expressed as the sums of four squ 


can be 


5. Show that 

a 2 —be 
e 2 —ab 
b 2 — ac 

6. Evaluate 


b 2 

— ca 


a 2 

— be 


c 2 

— ab 


h 

m i 

n, 

h 

m 2 


h 

TH 3 


m 2 

+ n i 2 

= 1. 

( 


L( 0 3 + t S + C »_ 3a ^, 
a 2 —be 1 



218 


A TEXT HOOK OF ALGEBRA 


7. Express (a — x)- (a - y)~ (a - z) 2 

(b - x)- (b-y) 2 (b-z) 2 ; 

(c-x) 2 ic y) 2 (c—z) 2 i 

as a product of two dctcrir.irants and show that its value 
= 2(6—c)(c— a)(a—b)(y—z)(z— x)(x—ir/). 


8. If A = 


a h 
h b 

0 f 


(/ 

f 

c 


Show'that A' = 


bc—f 2 

f(J—ch 

fh-bg 


Sq 

ca 

gh- 


ch fh—ig 
■g 2 gh—af 
af ab—h 2 


= A S 


9. Show that 


ap-j-yS 


a + P+Y + 5 ®P+y8 

2(a + 0)(y+8) ap(y+5) + Y8(« + 0) 

a |3(Y+8) 2a/3y8 

+y8(x-f£) 


= 0 


(Trinity 


10. Prove that 


2 be — a 2 

c 2 

b 2 


a 

6 

c 

! c 2 

2ac-6 2 

a 2 

= 

6 

c 

a 

6 2 

a 2 

2ab-c 2 


c 

a 

6 


11. Show that 


S 0 S, S 2 S u 

£3 s 4 
S, s 3 s 4 s 5 

Sj ^4 S 6 S fl 


={fi- y) # (y—« r(«—P) 8 

X (a — 5) 2 (/3—8)*(y— 8) 2 . 


where S r =a r +/S r +y r -f 5 r . 

12. Show that 


1 cos(a — /3) 

cos((i - a) 1 
cos(y — a) cos(y— fi) 


cos(a—y) 
cos(j8—y) 
l 



2 I'J’ 
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13 . ^ab+bc + ca, express the determinant 

'S.ab ^ ,th 

v«2 ?, a b 

lab S«* 1 

that 


2«- 

!,ab 

■<ab 


as the product of t\s 
its value is equal to 


o determinants and heme prose 


( a 3 _p ^3 _j_ c 3 — 3abc ) 2 . 


14. Prove that 


/.2 _i_ c 1 ah ac . 

^ r 2 . r ,2 />r = 4 «*Jrc-. 

be a 2 -\-b 2 


ah 

ac 


Also prove that the v 
as that of 


alue of the above determinant is same 


b*+c 2 o- 
b 2 c a + n 2 

r, 2 C* 


•> 


n 
b* 

a 2 + b 2 


15. Prove that 


"l 

!>x 

ix| !* 

a 2 

b 2 

1 «2 

d pQ~ 

= ci v rt q -\- b P f$, r 


a 

.'I 


[■*2 


d |, d 12 

d; 1 


16. 


a,i + 

aJ-\ b..m 

aJ + 


Find the two factors of 

6,m+c,n a,H- c i n 

6 2 m+c,n aJ + rVr 
6 a m + c ;l n « 3 « + c » n 

each factor being a determinant. 

10 9 Determinants of Special Types. 

1. Adjugate Determinant 


If two determinants A 
are cofactors of the cor * c ;I * ' ^/\ 
called Adjugate of A- A ho A 
order determinant and 


A a ' are such that elements ol A 

vponding elements o 1 ^ , 

1 ^ r _ /\ n-1 where A or ^ 
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Let A = fli 

b t c, 

• • • /l 


a i 

bo c 2 

• • *^2 


°3 
• • • • 

^3 C 3 

• ••*3 


1 

| 

• • • • • 
1 a n 

b n c n 



and A'= A, 

Bj G, 

.Li 


a 2 

B 2 c 2 

.l 2 


a 3 

• • • • 

b 3 C 3 

.La 


• • • • 

A n 

Bn c r 

.L. 


A A' 




a 1 A 1 +6 1 B 1 -{- . 


OjAa + ^Ba-f- . +1^.. 

• • • • r 

. T T j 



aiA n +6 J B n + 

,., + ZjLn 

. 

• + 

a 2 A a +^2B 2 +. 

1 

» T 1 

= 


+1*1* . a 2 An+feaBn+*** 

•••+^L 0 J 


' n^l “f" bffil ”1” • • • • 

• *Z n Lj 

°nA 2 + fcnB2 4*. 

i 

1 y 



+i n L 2 . a n A n 'f ^nBn+**** 

••+i*L n 

But a p Aq + 6 p B (J +... 

...-H p L v -= A when p = q 


and = 0 when 

v 7 = fi¬ 



AA'= 

rs 0 

.0 



o A 

.0 




. -A n . 



0 0 . 

.A 



or A'= A n_1 - 
Cor. If A' = 


hL. 

A 

-^2 

A 
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1 , / ^ v A n —1 — -• 

* cn A =■ ^7T X A — A A 

or A'= A _1 * 

This A' is called inverse of A- 

10 * 91 . Conjugate Elements. 

The elements at the intersection of the pth row ?th column 
and the gth row, 2 >th column are called Conjugate Elemen s. 

e.g. take 

AH a, b i c, 

1 a 2 Co 

cto ^>3 C3 • 

, . r h • . ..arc called Conjugate 

Heie b x , a 2 ; c,, a 3 • c 2 , t > 3 , •• 

Elements. 

elements ate equal, 

is called a Symmetric Determinant. 

The square of any determinant is a Symmetric De.enn.nant- 


Let A = 


b 1 c, 

60 c.» 

c 3 


A 2 = 


b x r i 

b., c., 

h-, C t 


b x c, 

60 Co 

^3 


— I 7, , ,.24 /,2 + C., 2 «z a 3+"2 b 3+ C 2 C 3 

o,a 2 -f 6,^2 H' c i c 2 J/ //4-CC a, 2 + V + c 3* 

I olaa + iA+^.'s + ^ . 

Here we observe that all. conjugate elements arc equa . 
Hence it is a symmetric determinant. 

of the diagonal are equal in in b 
called a Skew Determinant. 
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Take A =■ a a P 

— a b y 

~P — Y c • 

The above determinant A is a skew determinant. 

III. a. If every element in the principal diagonal is equal 
to its own conjugate with sign changed besides the other 
elements of the determinant, then 

a— — a, b = —b and c =—c. 
or a=b = c= 0. 

the elements in the principal diagonal are zero in this 

case. 

So A takes the form 

: ° a P 

— a o y 

— P — Y o 

This is called a Skew symmetric determinant of the 3 rd 
-order. 

A Skew Symmetric Determinant of odd order vanishes. 

Let A=1 0 a P Y b 

I —a 0 l in n 

I — p — l 0 p q 

| — Y — m —p 0 y 

—6 —n —q —y ^ 

Multiplying R„ R.,, R ? , R 4 and R 5 by (— 1 ) respectively and 
writing minus sign outside the determinant (as this makes no 
•difference) we have 


o — a 

-p 

— Y 

— S 

a 0 

-i 

— m 

— n 

p i 

0 

— P 

-a 

Y w 

p 

o 

-Y 

8 n 

<1 

Y 

o 


i 
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Changing rows into columns and columns into rows here we 
have 

6 , 


7 

Y 


— __ I 

0 

X 


Y 


— a 

0 

i 

m 


I -fi 

— Y 

— l 

— m 

0 

—p 

0 


—S 

— a 

— 7 ' 

— Y 

0 

> 

II 

1 

0 

or 

2A = 0 

or 


A Skew Symmetric Determinant of even order is a perfect 
square. 


Let A = 


0 
— x 
~ !/ — c 


x 

0 


U / 
c b 

0 a 

—a o 


outside the determinant wc have 

__ i _| 0 

^ abc x 

-y 


Operating C 2 — C 3 -f- 0 » we have 


and C 

a h> c 

and taking 

1 

1 

by 

cz 

0 

he 

be : 

— ac 

0 

ac 

— at> 

— ab 

0 


^ abc 


0 

— x 

— U 


ax — by-\-cz 
0 
0 
0 


by cz 
be be 
0 ac 
0 


— ab 


Expanding to. r. 1 . C 2 we get 

lax — by -j- cz ) 

A — a 


.e 

.7 


c b 
a a 
— a o 


(ax — 


c -aby +acz^ 


= (ax — by-\-cz) 


1 


be 
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IV. Ortho-symmetric or Per-symmetric Determinant. 

In such a determinant the elements of any line perpendiculaa 
to the diagonal are equal and the digonal elements are also 

equal. 

e.g. take 

A== a b c d . 

bade 
c d a b 

j d c b a 

This is Ortlio-symmetric Determinant. 

Operating C^+Cg+Ca+C* we observe that (a+&+c + d) is 
a factor of A- 

Similarly operating C, — C> 4 -C 3 — C 4 , G^C., — C 3 — C 4 , 

C x - C 2 - C 3 4-C 4 we find that {a-b + c—d), (a+6 —c «)► 
(a- b — c+d) are the other factors of £. 

So A=K(a+6+c + (i)(a-Hc-d)(fl+6-c-(l) 

x (a- b- c-f a). 

But A is of fourth degree in a b, c, d and the coefficient of 
a 4 in A is one. 

K= 1 . 

So A = (« + l> 4 - c 4 -d)(a —fc -f c — d)(a 4 b — c—d){a — b - c-\-d ). 

V. Alternant Determinant. 

A determinant in which the interchange of any two of the 
letters a, b, c,.. changes the sign of the value of the determinant* 
is called as Alternant. 

e.g. A = j 1 1 1 J 

a b c 

I a 2 6 2 c 2 j 

is called an Alternant. We can easily prove tht 

A =(a— b)(b— c)(c— a). 
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A general form of the Alternant is 


l 

1 

1 

1 

a 

b 

c 

1 

a- 

b 2 

c 2 

l - 


a”- 1 

b*-i 

C-.-l 

l- n 1 


The above determinant has the following "C* factors [Take 

2 letters out of the n letters a, b, c, d, .. l\ 

(l -a){l—b){l— c) . (c-a)(c—b)(b—a). 


VI. Circulant Determinant. 

A determinant such as 

A = ! a b c 

j cab. 

b c <i 

in which the same elements occur in all the lows and the 
columns and are written in circular order, is calledant 
Determinant. The method of lactonsing sue i a c e 
is as follows : 

We know that a;=(l)^ gives 1, co, o> 2 . 

operating Cj+C^Ca we find that (a +6 +c) is a factor 

Similarly operating C, -fo>C 2 4-orC- 3 ,C 2 + (< ,J ' * ^ 
observe that (a+6oj-f-co> 2 ) and (a-\-bo> 2 +co>) are the 

factors of A* „ . 

A=K(a + '>-l-c)(a + ^-|-CR’ 2 )(« + 6<o 2 + ca>). the co ’ 

cfficent of the diagonal element a 1 in A >s one. bo l'- t. 

Thus A=(a 4 -Hd {a+bo>+co> 2 )(a d-6w 8 + c«). 

Similarly take 


A = ! 


a 

e 

d 

c 

b 


b 

a 

e 

d 

c 


c 

b 

a 

e 

d 


d 

c 

b 

a 

e 


c 

d 

c 

b 

a 






226 


A. TEXT BOOK OF ALGEBRA 


Lets=(l)° orz 5 =l give roots 

Operating C 1 +C 2 +C J +C.+^> ' 

C.+aC 3 +a i C, + a s C 4 + a f C 5 ; 

C 1 +/ 3 C 2 +^C 3 +^C 1 +^C 5 ;etc. 

we observe that 

x(o+68 + cS a +df5 3 + e8 4 ). 


. l. Factorise 


a 

d‘ 


3 


/, 3 

6 * 

1 


c 3 

c a 

1 


Of the detefmSan t'changes. ° mTu t^t/hen JetnT- 

change 6 , c and c, a. 

Therefore this is an Alternant of 5 th degree. 

Putting a = 6 here, the determinant vanishes. 

h is a factor of the determinant. Similarly b-c 
7 ^ are he other factors of this determinant. 

and , -« «^J 6 _ e) c . a) pa > +qb ' + rc• +Jb ,+ g ca+M) 

Interchanging a.b.b.c.o. a here rve get the followtng 
^P I ^° nS ' n ^ ) ^ c)(c _ b)lpi!+qa i +rc t + f oc +gbc-hhab) 

(ii) (a—c)(c—b)(b—a)(pa i +qc 2 )-\-rb i -{-fcb+gab-\-)iac) 

(Hi) (c - b (b—a)(a — c) prS-\-qb z +ra 2 +fab-\-gac+hbc) 

Pach of these expressions must be equal in magnitude but 
opposite in sign to that of (a - b'(b-c)[c-a)(pa* + qb*+rc*+fbc 
-\-gca-)rhab). 
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This shows that the expressions 

pa 2 -f qb 2 -f rc 2 -f Jbc -f gca -f hab, 
pb 2 -f- qa 2 + rc 2 -f fac -1- gbc -+- hab, 
pa* + qc 2 rb 2 -\- fbc-\-gab-\-hac, 
pc 2 qb 2 -f- to . 2 fab -f- gac -\-htc 
are identical. 

This is only possible when p =q = r and f=tf — b. 

Let p =g=r = K and / = g = ft = K, 

a 3 b 3 c 3 I. 

a 2 1,2 C 2 =(a- 6 )(/y — c)(c — a)[Kfa 2 -f 6 2 -f C a ) 
i 1 1 +K J (aft+Ae+ca)] 

Comparing the coefficients of a : 'b 2 (ihe leading term of A ) on 
both sides we get 

K—Kj= 1. 


Also comparing the coefficients of any other term, say a'b, 

0 =— K 


K =0 and K,= -l. 

Thus & = —(a—b)(b — c)(c — a){bc-\-c<i-{-ab). 


Ex. 2. Show that 


a 2 + x 

a 2 

•» 
a ~ 

a 2 

b 2 

b 2 + x 

b 2 

b 2 

c 2 

c 2 

c l +x 

c l 

d l 

d- 

d 2 

d 2 -\-x 


= (x -f a 2 4 - b 2 -f- c 2 )a : 3 


i.ol. Putting x = 0 we obseive that all the columns become 
identical. Therefore x is a factor of the determinant. If we 
operate 0 ,- 04 . C 2 -C 4 , C 3 — C 4 . then each of these transformed 
columns must have x as a factor. So x 3 is a factor ol the 
determinant. 

liut, operating R,-f R 2 -f R 3 -f "£ conclude that 

x+a 2 +6HcH</2 

is a factor of A • 

Thus A =* Kr*( r + a* b* | c 3 + < 1 *) 
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The coefficient of* 1 in the leading term of A ^ unity. 
So K=l. 

Therefore, &=x?{x+a 2 +b 2 +c 2 + d 2 ). 

EXERCISE 27 


1 . Prove that 


<*+«)* , «* t 

b 2 (c + a)- b- 

c 2 c* (a+6)* 


2 . Factorise 


I 1 -* 2 3 

1 2 —a* 3 

1 - 2 3 —x 

I l 2 3 


Also solve it. 


3 . Factorise 

1 1 

1 1 


1 a 

6 c 

• 

* o 3 

b 3 c 3 

4 . Factorise 

1 

b c 

•1 

° 

6* c 3 


1 be 

co 06 

5 . Find the factors of 



1 1 

1 1 


o b 

c d 


a 2 b 2 

c 2 d 2 


a 3 b 3 

c 3 d 3 



4 

4 

4 

4 —a: 


2a&c(a+6-t-c) s - 


6. Show that 

*+ o 6 c 
a x+b c 
a b x-\-c 
ah c 


d 

d I=x 3 («4-o-{-h-f c+d)- 

d ] 

x-\-a 



Prove that 

x y z 
x * y 2 z 2 
x * »/* 2 * 


=xys(»—*/)(*/—2)(^ -x) 


(P.D. 1960 8 ) 
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8 . 


i 


1 1 1 

a P y ' = (* — PKP- YKy-*^ 

Py Y a 


(P.C7. 1902 ti) 


8. 


a 


p 

p* 


Y 

Y* 


= (a-t-p-t-YH» — 0U0 —yKv - a >* 


10 . 


11. Factorise 


/3+Y Y + a a + P 

— fcc ftc + ft 2 be -b c 2 
ca+a 2 -ca ca + c 2 
aft + a 2 aft -b ft 3 —oft 

abed 
d a ft c 


= (aft + ft c + ra ) 


c d a ft 
b c d a 


12. Resolve into factors 


2_ftc ft 2 — 


13. Expand 


a 

c 2 -aft 
ft 2 - ca 

1 

— a 

— ft - 

— c 


* » 

«■ — 


r 2 


a 

1 

<Z 
• e 


ca 

be 

ab 


14. If 


A = 


a 

h 

( J 


h 

ft 

/ 


if 

f 

c 


ft 

d 

1 

-/ 

and 


c 2 — aft 
ft 2 —ca 
a 2 —ftc 

c ! 
e 

{ • 


A, B, C. are the cofactors of a, ft. c. 

vely prove that 

BC-F 2 =« A, o.\ —G =ftA, AB 
GH-AF =/A. FH-BO=f7A, 

Also deduce the expansion of 

A H G 


in A respecti- 


H 2 =cA. 

- C H = ft A • 


15. Expand 


H B F 
G F C 
a a 2 a 3 -bl 
b ft 2 ft 3 -b 1 


c 


c 2 


- 4-1 
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2 JO 

1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 

11. 


REVISION EXERCISES 

(1) 

Sum to n terms the series whose nth term is 

2" + 47t 3 +6n 2 +2n. 

Eva luate 1 3 + 3 3 + 5 3 + 7 s +.+" 3 * 

Find the sum to n terms of 

l+(l+3) + (l + 3 + 5) + (l + 3 + 5+7) + 
Sum to n terms 

1.1+2.3+3.6 + 4.10+5.15 +. 

Find the sum of the numbers in the nth row : 

1 

3 5 

7 9 11 

13 15 17 19 


Sum to n terms : 

1+4+13+40 +. 

Sum to n terms 

2 + 7+14+23+. 

Sum to n terms 

0 +1.3.5+2.4 6. + 3.5.7 +. 

Find the sum to 3» terms 

l 2 + 2 2 - 3 2 +4 2 + 5*—6*+. 

Evaluate 

22 + 32 + 62 + 7 2 + 10-+ ll 2 +.to 64 terms 

By considering that 
(1 +2 + 3+4+.+ n) 3 

=Sn J + 3[i 3 v 2 + 3 +... + /t) +2 2 ^l + 3 +... + n) + ...] 

+ 6[ 1.2 3 + 2 3 4 +.]. 

find the sum of the products taken three by three from 
1, 2, 3,. . w. 
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E 12. Show that , 

(1 4-^ + (H-70 2 + ( l+?0 3 +.+ 0+ 7 0 

= n 4- "+ 1 C a /t 4-" +, Cj /i2 + n+lC i /i ‘ +. 

Also show by differentiation etc. that 

l_4_24-3-b.-4-n.=' ,+1 C» ; 

find 'S.n-, S« 2 also by this method. 

( 2 ) 

1. Prove from first principles that 

"P r = WX n_, Pr-1 

and hence fird the value of "1 r . 

2. In how manv ways can 10 cxaminatton papers be arr; 

so that the best and the worst never come together - 

3. Find the number of arrangements ° * t j ie oc id 

“MATHEMATICS” so that the vowels occi py 

places. 

4. Find n and r so that 

»c,-, ; "C r : »c r ., = 2 : 3 : 4. 

5. Find the number of (i) combinations, 

(it) permutations of the letters of the word 
“PROPORTION” taken 4 at a time. 

0. How many numbers greater than 400, 000 can be formed 
by using the digits 0, 2, 2, 4, 4, a » _ n 

7. Find the number of ways in which n dificren 

be arranged to form a necklace. , 

Find the total number of selections that can be made 
the lettfrs of the words 


8 . 


“HAIR OF MV HARE.” 

9. Fi d the number of ways in which 5 1 1 a d?«^ r e^oge the r" 

may be seated in a line so that no tw * 

10. Find the number of ways in which mb o y s^ a n_d » g i r^ 

(m>n) can be seated in a row, no two gi (P.17.) 

neighbours. 
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11. The premiers of 11 States of India meet to discuss the 

problem of minorities. In how many ways can they sit 
at a round table if the Panjab and Bengal Premiers choose 
to sit together ? (P«E7») 

12. At an election a voter may vote for any number of candi¬ 

dates not greater than the number to chosen. There are 
seven candidates and four members are to be chosen. In 
how many ways can a person vote ? 

13. Five ministerial and three opposition members in the 

parliament have to form a committee of six. In how 
many ways can it be done so as to include at least one 
opposition member. (P.17. 19^6) 

14. In how many ways can 16 rupees be divided among 4 

persons so that no person shall receive less than 3 rupees ? 

(Hint. The possible ways of distribution are : 

(3, 3, 3. 7), (3, 3, 4, 6), (3, 3, 5, 5), (3, 4, 4, 5), (4, 4, 4, 4) 

15. Find the sum of all the numbers obtained by using all 

the five digits 1, 2, 3, 4, 5. 

16. In how many ways can 11 members of a committee sit at 
a round table so that the Secretary and the Joint Secretary 

are awlays the neighbours of the President. 

( 3 ) 

1. Prove that the middle term in the expansion of 

( 2 3 4 * *-l-v) ° is '9.17.13.11.3 10 ,2« 

2. Prove that 2 + 3^2 3 *'^ 3 + . t0 00==3 N /3 * 

3. Prove that x n =l-f 7 j^ 1-+. 

to (n+l) terms. 

4. Find the first three terms in the expansion of 

(1 +3x) 1/2 ( 1 — 2*)~ 1/3 . 





REVISION EXEllCISES 


233 


5 . Find the co-eihcient of a ; 2 "" 1 in the expansion ot 

1 

(1 — x) K i— cx) 1 - c-x) 

6 . If b is so small that b- and higher powers of b are neglected, 

show that the sum to n terms ot the 11 .l . 

1 , 1 , _L. + .= 0 ^T2a-(rH-l)fc ~1. 

J+7> + a+26 + a+3J> 2 « L J 

7. Calculate ^ 244 upto 3 places of decimals. 

« If c be a quantity so small that c 3 may be negle* ted in 
comparison with l\ shov/ that 

Vii + V^ =T ^' 

9 . Show that the integral part ol (5 + 2\/6)'‘ is odd, it n be 
a positive integer. 

10. Prove that - 

r n n{n—\) n(n — \){n ) . 

7"L 1 + T+ 7.14 + 7.14.21 r J 

r n Wfn+l) , n(n+!i» + 2 ) 4 . 1 

= 4"l 1 H—^^ 2^4 - + 2.4.6. J 

r / ,, 1 V W is equal to the 

11 . Show that the middle term ol ^ + x ) 

— (n " 4 “ ^) • 

coefficient c f *" in the expansion o((l-4x) 

Find the sum of : 

12. * Cl + 3 "C 2 + 5"C 3 + 7 "C 4 +.4 (3h-D " c - 

13. 1* C,+2 2 C 2 + 3* C 3 +.+ n * Cf »- 

14. %-+%- + - 4 2 - +.+n+li ’ 

15. Indetify 32+240 + 720 4-.as Binomial Expansion. 
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E 13 If P V r =k where r and K are constants and if P increases 
* by p, V decreases by v show that E=r? approx wh re 


E == fry • 
viV 


E17. If T 

(In 


where T and it are constants show that 


n 


f l 

= nn \ / — 

V o 

approximately where dg, dl are 


changes in g, l respectively. 


(4) 

1 Find Sa 4 for the equation -ar 1 + bx l — cx'- + cx+ i=0 

Deduce the value of 2a 2 /> 2 . 

2 . If a, (3 , y* s t>e ^ ie roots the equation 

x 4 + bx 2 -f cx+ d =0, 

find an equation whose roots are a 3 , p 3 , y 3 , 8 3 . Hence 
evaluate S* 3 * 

3. Find an equation whose roots are a, (3, y where 

a+P+Y =6 
a 2 + ^ 2 + Y*-(«P + /3y+Y*) = 3 
<* 3 +£ 3 +Y 3 -«/*y= 30 

Also find Sa 1 . 

4. Prove Newton’s formula on sum of powers of roots of an 

equation. 

Find the sum of products taken (i) two by two (ii) three 
by three from the first n natural numbers. 

5. The equation 4r s -57.r 1 + 64c 2 + l08x-144=0 has two 

roots equal in magnitude and opposite in sign. Solve it 
completely. (Camb. Sch .) 

6 . Two roots of x 4 -f 6r 3 - 16x 2 + 24.r-80 =^0 are pure ima¬ 

ginary. Solve the equation. 

7. Find the value of ‘a’ in order that the equation 

x 3 —4x 2 4-5x + a=0 
has a repeated root. 
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8. If the equation a^ + 36 f 2 + 3« + d = 0 has two equal toots, 

find this loot. 

9. Solve the equation 2s 3 +x 2 — 7x — 6 =0, the i eicnce 

between two of the roots being 3. 

10. If a, 0, y, 6 be the root of 

ad + 4b x 3 + Gcx- -f 4<Jx -f e =• 0, find the value oi 

(3a — P — y —SU3£—Y S S * p)t3S —a 3 Tf> 

by diminishing the roots of the above equation. 

11. Solve x '— 10*3+35*3 — 50 * + 24—0 when 

(i) a3- Y S=2 («) a + P=Y + S - 

(til) cx/3y + S = 10- 

12. Show that the conditions in older that 

Oo.r 3 i 3ri 1 x 2 + 3a 2 x+t/ 3 = 0 
has all its roots equal are 

a 0 _ «i f*_i anc j that the equal root is 


«i a» "3 

a , a 2 

«o a » 


or — 


a 

a 


13. Solve for x, y, z : — 


x-\-oy -\-o J z — *i 
x+hy + b*z = b' 
x 4- cy-\-c*z — c *. 


a=v /(S where a, / 


14. Solve x 3 - 7x 2 4- 14x— 8 = 0 given that 

arc two oi its roots. 

15. Solve *4-7*3+ 17*’— 1 7 * +0 = 0 having given that 

aft 

16. Solve **-6 *’+lU-6 «° given that =2. 


17. Find S 8 for 


— 3^4-1=0 
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18. Prove that 

(b-c) + (c-a,*+(a-b)>=S{,,i*+b'+c--bc-ca-ab) 

[b—c){c — a(a—b). 

19. Solve z*+:r’+7i*+4*+ 12=0, given that one of the roots 

is a pure imaginary. * ' 

20. Find K and solve tVie equation beine 

2 x 3 —6x 2 + 3x-|-K = 0 the relation between the roots being 

a = 2(/3+ Y ). 

21. Solve the equation 

(x-i-a) 5 —.t 5 —a 5 = 0. 

22. Form the equation of squared differences of the roots of 

a Q 7?-\- 3a 1 x a +3a 2 x+a 3 =0. 

23. Find the condition that the equations 

x 3 -\-px + q = 0, and x 3 + rx+a = 0 
shall have a common root. (P.U. 19628) 

24. If a, (3, y, S be the roots or the equation 

x‘ — ax 3 -f-&r — cx-fd = 0, 

find the value of S* ? ,3 Y . (P - U ' 

25. Evaluate £cc‘ 3 for 4x 4 — 12x 3 + 5x'- 3x+ 1 = 0 (P.U. 1^62) 

26. If a. P, Y are the roots ofx 3 + x 2 -2 = 0, find equation whose 

roots are „ _ „ - 

a-3_,. Y -3_ a - 3> Y -3 + a-3-/3- 3 , a“ 3 + £* 3 -y- 3 . 

27. If a, p, Y, 5 are the roots of 

x*-l-ax 3 -|-6x*-fcx-l-d=0 

find an equation whose roots are 

a£ +-Y S * Y*+^» 0Y + a ^* 

28 Show that the equation 

u 0 x 2 -f 3t7 1 x 2 4-3a 2 x + a 3 =0 
can be transformed to 

0 a„ 


- 3 +3| 


a 


a 

a 


5—1 «o a i 

a. a 2 


2»i| 

=0 


a 


2 

3 


1 
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29. Solve the equations : 

(a) X 3_ 7a; + 6=0 (6) x*-2&- 12x 2 + 10x4-3 = 0 

(c) 4x 3 -3x-hl=0 ('/) x 3 -3a:r + (a 3 -bl) = 0. 

80. Solve by Cardan’s method or otherwise the equation 

2X 3 -7x 2 4-8.»;-3=0. ( P.U.1961\ 

81. Express Xbc, abc in terms ot p, q, a where 

2 B = X(i, 2 p = S.a 2 , 3q = 1a 3 . 

82. Find the equation whose roots are given by the formula 

y t =Xi — .r , 2 -b a * x 2 -r ^2 2 + x * 

where r t ,x 2 , x 3 are the roots of x { — x 2 -- 4 = 0. 

88. Find 

(а) S 5 , S.o for 4a: 3 — 2.r 2 + 7 = 0 

(б) for x 3 — 6.r• + 1 1 -r — f> = 0. 

34. If a, £, v are the roots ol 

az 3 -f 3bx 2 -f- 3 cx + d — 0, 
find an equation whose roots arc 

+ ^(Y+ a )> y(a + p). 

85. If a, b, c are the roots of 

3 ?-\-qx + r = Q, find and equation \shose roots are 

a 2 + b 2 , b 2 + c*. c 2 -\-a 2 . 

86. If a, p, y are the roots of x 3 -f px -|- r = 0, evaluate 

(i) (a* - py)(p“ — 

(**) 2«PV* 

(5 ) 

1. Find the condition in order that 

ax 2 b 2 axy -b by 1 -b 2 gx -f 2/j/-b c 
has two linear factors. 
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o Find tlie condition in order that 

ox 2 + 2hxy -r by* + 2gx + 2 /»/+ c 

is a perfect square. 

8. Show that |-2a a+b a+« j =4 ( a+6) (6 +c )( C +o) 

U + c b + c —2c 
by the Remainder Theorem. 

4. Find the product of 

a a 0 ! b 0 i 

0 a 0 and | 

| 0 0 a 0 b I 

in the form of a determinant and evaluate this product 

determinant. 

Show that! 1 1 » =(o _ 6)(i _ c)(c _ a) . 

1 a 2 b z c 2 

by the Remainder Theorem. 

«. Show that 1 ^ 3 4 =Q 

64 128 256 I 


7. Prove that 


a 3 3a 2 3a 1 

a 2 a 2 T2a 2a-fl 1 =(a— l) 6 . 
a 2a T1 a 4-2 1 

1 3 3 


8. Solve the equation 

4x 6x4-2 8x4-1 

6x4-2 9x4-3 12x =0. 

8x4-1 12x 16x4-2 


6 2 c 2 4-a 2 bc + a 1 

c 2 a 2 4- b~ ca + b 1 =(6 — c)(c — a)(a — b) 

a*i>*+c 2 ab+c 1 x (a—1)(6 — l)(c— 1, 


9. Prove that 
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= 0. 


= (a + 6 + c) 3 . 


10. Prove that 

1 cos (/S —a) cos (y — a ) 

cos (a — fi) 1 cos (y — £) 

cos (a —y) cos (fi — y) 1 

11. Prove that 

a—b—c 2 a 2a 

2b b — c — a 2b 

2c 2c c—a — b 

(Hall (l- Knight) 

12. Find the two determinants each of 3 x 3 order whose 

product is 

(1 -\-ax) 2 (l+a'/) a ( J 

(ld-M* (l + by)* (}+**> 

(1-fc.r) 2 (l+c*/)* (Wcc) 


Also find its factors. 

13. Show that 

b -f c c -f a 
f/4-r r-\-p 

y + z z + x 

Evaluate :— 

14. 


a -f & 
7^ + 7 

*d-y 


= 2 


a b c 

p q r 

x tj z 


9 

13 

17 

4 

15. 

1 

1 

1 

1 

1R 

30 

24 

20 

40 

37 

33 

54 

46 

8 

13 

1 1 


1 

1 

1 

2 

3 

4 

3 

6 

10 

4 

10 

20 


16. 


tj 

l 

I 

l 

17. 


(cd-fl) 

(«d b) 

\JL 

1 

fl 

1 

1 


(c + tf) 

( a + b) 

(b + c) 

l 

1 

a 

1 


(« + *>) 

( b + c) 

(c +«) 

l 

1 

1 

a 

1 





18. Show that 


a 

b 

c 

ax 2 -{-2bx 

d-c 


b 

c 

d 

bx 2 

-\-2cx-\-d 


c 

d 

e 

cx 2 

-\-2dx-\-e 


ax 2 -\-2bx+c 
bx 2 +2cx + d 
cx -f 2 dx + e 

0 
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a b c 
bed 
c d e 


x [ax 4 4-4bx 3 +6cx 2 +4 dx+e] 


19 . If 7 v =pv + aS, jx = y*4£S, v = ccp+y8, prove that 

1 1 1 =-(p- Y )(y-a)(a-y3;(a-8)(^-S)(Y- 8 ) 


* 
Tv 3 


V 

I 

V 


■ A » ' 

Hence prove that the following determinant has the same 
numerical value : 


(3 ? v 2 -j-a 2 5 a [}y4<*8 1 

y 2 a 2 + £ 2 S 2 y a +p5 1 
« 2 /3 2 +y 2 S 2 «P+y5 1 


( P.U. 1950) 


•20. Show that 


1 

0 

a 

a 


a 

1 

0 

a' 


E21. If (</ 1 &oC 3 ) = 


a 1 
a 
1 

0 

«i 

u 2 

a. 


0 

a* 

a 

1 

b„ 
b , 


= l+a 4 +a 9 . 


<•1 

Co 

C 3 


show that 

d 

dx 

(a 1 6 s c 3 ) 




<*1 

n n _ 

w 

b n 

Co 

d 

1 

4-1 a 2 
o 3 

*>1 

60' 

Cl 

c,' 

c 3 

: a » 

4“ a 2 

1 


61 


63 ' 


Cl 

C* 


where dashes denote differentiation with respect to x and 
all the elements arc functions of x. 

E22. Factorise employing differentiation and Integration. 

(a) 


a: 

a 

a 

a 

(b) 

X 

a 

a 

a 

X 

a 

a 

i 


a 

X 

a 

a 

a 

X 

a 


a 

a 

X 

a 

a 

a 

X 

! 
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E23. Evaluate the determinants of the following magic 
squares : — 


(t) 

2 

9 

4 

(«) 

13 

. 

2 

3 

16 


7 

5 

3 

! 


12 

7 

6 

t 

9 


6 

1 

i 8 


| 

8 

11 

10 

1 

5 






1 1 

1 

14 

1 15 
| 

4 


{Hi) 


| ] 

1 i 

I 

1 

I 

20 


23 

12 

1 

19 

1 

I 

8 

22 

11 

5 

! j 

I 7 

21 

15 

4 

18 

25 

14 

I 3 

17 

6 



i. 



13 

2 

16 

10 

24 

J_ 
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JAMMU AND KASHMIR UNIVERSITY 

PAPERS 

(1963) 

1. (a) Apply Binomial Theorem to obtain the cuberoot of 
1003 to five decimal places. 

( 6 ) Find the term independent of x in the expansion of 


2. [(a) Obtain the sum of the squares of first n positive 

integers. 

(b) Sum the following series to n terms 

(3x3)+(5x7) + (7x 13)-f (9x21) +. 

3. (a) Show that the value of a determinant of third order 

is not altered if each element of a column is increased 
by the same multiple of the corresponding element of 
another column. 

( 6 ) Simplify : — 

a —1 0 0 1 

1 —a o—l 0 1 

0 1 —a o-l 1 

0 0 1 —a a 

4. (a) Prove that 

"C r ="C n _ r 

(b) In how many ways 10 j n,wer books can be arranged 
so that the best and the worst are never together. 

5. (a) If a, 6 , c be the roots of 

x 3 +px a + 5 a;+r= 0 , 

Find the value of So 3 . 

(b) Find the equation whose roots are equal to the roots of 
x x+2 = 0, each diminished by 3. 

6 . (o) Describe Cardan’s method for solving the cubic equa¬ 

tion x 3 + o;r+& = 0 . 

( b) Find the real root of a 3 + 3x 2 + 15x+25=0. 
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(1964' 

1. (a) Establish the FORMULA for 2n 3 . Hence find the 

SUM of the CUBES of the fifteen odd POSITIVE 
INTEGERS. 

(6) State carefully the Binomial Theorem for the various 
cases with regard to the INDEX. No proof is required. 
Use this to evaluate the CUBEROOT of 1010, correct 
to two decimal places. 

2. (a) Prove that »C r -}- n C,_ 1 = a+1 C r . 

(ft) In how many ways can a team of 11 p’ayers be formed 
from a group of 13 students and a teacher such that 
(♦') the teacher is always included ; 

(t») the teacher is not included ? 

Interpret the sum of the ways (») and (*»)• 

3. (a) Show that x=2 is a ROOT of the EQUATION 

x — 6 — 1 I 

2 — 3x x-3 j=0 

— 3 2x z + 2 1 




and solve it completely. 

(ft) How many different arrangements of three letters 
chosen from the five letters of JAMMU are possible ? 

(a) If ax+by+cz = \, bx+cy + cz =0, and cx+ay + bz=0, 
prove that 



x y z 

y * y 

Z Z X 


a c ft 
b a c 
c b a 



a, fj, Y , be the ROOTS of the CUBIC 

x 3 -f -pz* + qx + r = 0. 


find the value of 

V g +<* 2 <»* -h ft * 

ft -+ y 7 + z ’ a 'H* 

(a) Give Capdar.’s method of solving the CUBIC 

2 3 + 3H2 + G = U. 

(ft) Find the EQUATION whose ROOTS are each 3 less- 
than twice those of.r 3 +3.r-r * n 
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(1965) 

1 (a) Establish the formula for ZnK Hence find the sum of 
'j the squares of the first 20 odd integers. 

(6) Apply the Binomial theorem to obtain the fifth root of 
3120 to two decimal places. 

2. (a) Sum the series 

1 X2 a + 2 x 3 2 + 3 x 4 2 +.to 40 terms 

(6) Find numerically the greatest term in the binomiat 

r / 1 1 V 7 

expansion oi f - ^ ) ' 

3. (a) Prove by general reasoning or otherwise that 

(i) "P r /r !="C f . (»i) "C r ="C B . f .. 

(6) Find the number of possible 3 letter words in. the 
English language when 
' (t) all the letters are different. 

(ii) there are at the most two similar letters. 

4. (a) Solve by using determinants the equations : 

x+y + z=\ 

ax + by-{-cz=k ~‘ *t 

. a-x + b 2 y-\-c 2 z=k i . 

•(fey If x, [i. y be the roots of the cubic x 3 +qz+r==0 w 
evaluate £ ( P ^ —) • 

5. (<z) Find the equation whose roots are the squares of those 

of the equation a: 8 -)- 3a: 2 -}- 1 =0. 

(fe) Solve by Cardan’s method the cubic 

35—18x+a4==0. 

(1965) Supplementary 

1. (a) Prove that the sum ot the cubes of the first n natural 
numbers is the square of the sum of those numbers. 
(You are not to assume the formula lor the sum of 
cubes.) 

(fe) Find the sum of the series 

0-f- 1.2.3-f-2.3.4 -f-3.4.5-f-. 


to n terms. 
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- <■> •suast & s^rxssrss. 

(6) The 1 probability of . com MKng£»J*>Venn’oTtlm 

SS-ST-r &szr£r$ !E 

the greatest probability? 1 he nr 

expansion is {■6)'" otherwise that 

3. (o) Prove by genera"® = „ + , Ct . 

(6) How "“"V " Urn Ho r w 0f many ,tS of aC hthese h are divisible 

4. (a) If» is a cuberoot of unity show that , 

_ n I 1 I 




•> 


l 

l 

_2 

1 


l 

1 

1 

_9 


1 

_2 

1 

1 


Hrnce^or otherwise evaluate the determinant on the 

« (hC fqUa ‘ 
W B^rS^^of^a Quadratic 

(6 , Solve by Cardan’s method the cub. 


ANSWERS 

EXERCISE i 


1. ^-(2»-l)(2n+l). 
3. 2n 8 (n + l) 2 . 

6. -^-[64n 2 -f 24n. — 25] 


2. » 2 2n*-l). 


4. 


n(n + l)(n + 2) 


7. 


9 . 


n(»-M)(»+2)(»+3) 

24 

?i(n 2 4-3w-t-5) 


6. — n(2n-\-l). 


8. 2 n+l —n—2. 


11. 2 n+1 —(5» + 2). 

n(n+ l)(n-f 2)(3»—1) 


10. n(2^ 3 +8T» a + 7n-2). 
n(n — l)(n-f-7) 


12 . 


+ 1- 


13. 


15. (a) 

(*> 

16. ?i 3 . 


n 


12 


14. -y(2n-l)(2*+l). 


n(»-M)(n-l)(3n+2) 

24 

n(n-f- 1 )(2n+ l)(n — l)(2n—l)(5n + 6) 

360 


EXERCISE 2 

3. 7 4. 5 5. 14 24 

8. 5040, 720120,1440,3600 9. 90 10. 325 

12. 260 13. 4320 14. 14400, 720 15. 3600 

16. 2880,14400 17. r p 3 X "- 3 /> r _ 3 , n - 3 p r 

18. 3l_6_.4’_6_ 19. 144 20. 144 21. 144 

EXERCISE 3 

3. 360, 240, 12. 

8. 3 4 

46 


1 

11 

111 



’• 4“ 

i± 

j2 ’ 

360 

3. 

4. 60 


5. wi", "P m 6. 

40 

7. 


7. 24 
11 . 5760 
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9. 

48 

14. 

60. 

1. 

56 

6. 

230 

10. 

7 

14. 

7 


10. 16 


n. 3 12. 2|8_13. 2 9_Q$ 


EXERCISE 4 

2. n= 10, r= 5 4. 9690 hours 

7 181, 1130 3. 56, 21 

11. 32 12. 54054 

15. m C 3 , 4512, 4804 

EXERCISE 5 


127 3. 30 

1080 8. n C 7 , 10 C 7 

15 11- 11 

\mn 

12. 105 13 


2 . 

7. 

10 


9. ('o 5V58 («) n » 43 C*'**) 10 ’ 42 


5. 123200 
9. 341 
13. 14 C 9 .“C, 
t6. 19. 

5. 36000 


15. 

19. 

1. 


2 . 

3. 

4. 

5. 
7. 

11 . 

15. 

19. 


1. 

6 . 


15 


__ 14. (p+l)"- 1 

Mhl" \2n 

15 16. 1919, 71 17. 72 18. 


tv 


’ ( i -5J 5 

1023 20. 144. 

1 EXERCISE 7 

6 , 1 

6x»4-15a 6 —20 3 +15- x 3 + x * * 

, r „,V,«'*»V ,M0V+1«W +«<» ■ 

t r iSBtsss- 

99*. 02.3,968.016. ^ 10. 18 

60 2 lf IV '°C S (2a) 6 <- Q 3 . 61 ,96 2* 3‘/* 

I20x l JrJ _„ 13 - 15 ,6. 252^.126.2 s .3'x-.- 126.2 a/* 

(1+2)* 20 - 10 ‘ 

EXERCISE 8 5. (» + *)2- 1 

4- 2. 2«,2» 3. 3- *• «- 2 

. 9. (2«-l)2 + 1 

1 7. 0 8 * ,1.4-1 

|2n| 


10 


n -\-1 
n. 2"* 2 


«• n+2 i2 - 'St* 13 -i^ 3 V +3 
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14. 


15. 


|2 n 


i n—2 n+2 


n 


(50 


1 )"/2, if n be even and ‘O’ if n be odd. 


16. 180 


il , n-f-2 

17. x lies between- and —r— • 

n-\- £ I 

19. Two equal greatest terms of magnitude 55 X 3*. 

EXERCISE 9 


, , 3x 3a:' 
1 1 + 2 + 8 


_ 1 a 

2.-• + 


o 

a~ 


1 — i — 

a ~ a* a 3 


x x s ' a; 3 

3. l+4x+10x 2 +16x 3 -f-19x 4 + 16x B -f 10x 8 -f4x 7 -fx 8 . 

xx 2 8 8 

4 - 2 -r- 32 where -T >x> T*.- 


5. 


11 

3 6 ^2 


• 1 


a 


7 -t+tf+tt4 8 - 1 +-+- 1 

10. 1+2x + 3x 2 +2x 3 + a- 4 . 


. i 2 r 

Coeff. of x n =(n -j- 1), (5 — n), 0 according as 
n< 3 ; n = 3,4 ; n>4, respectively. 

I 2 

11. -64,1*1 <* 12. (a) Tnr,-- l 6 ) 2»*+2»+l. 




19.17.35 . _ 133 

1<5. 216 • *3 24’ 


n-l 


14. (a) (— 1) J , (— 1) 3 ,0 according as n divided by 3 leaves 
0, 1, 2 as remainders respectively. 

(*) (~J) r (e> t~2^i- 15 - 56.3*.**. 


1_» 

— 2 3 .7 
3 5 


. x 


17. I* 4 : 7 *:*! 3 ^— 2 J x r. 


16 . 
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3 n 2 -J- 3 n + 2 
18 .- 2 ~- 

EXERCISE 10 

3. (a) (1-1)- CM (>-4r J 5- 1 ' 8 6 l ' 587 


7. 


x — 1 


3 5x 
8 - (a) -5- —2+ 


r. ^X 

(6) 2 + 3ir 


11. 4-996 13. b-0093 


EXERCISE 11 
2 


2. 2 — v/3> I-*’ 


10. 1-00039928 

/, 2 \ 3 ' 2 
14. (l +- 3 -) • 

1. Ii2t,l,2 j #3\— o 

3. x«-8x>+15x’ 14x4-2 =0 g - 

12. *^-10x 2 +,=0, v* 3 v 2, ^|-'4 : „42 3+V/2) ' 

13. x 3 + 3x*-f3.r-l=0, -1+^2, -1 + ’ v 

14. V5-M<V10 + 2V5. _(^5±M±i^ 2 '' 5 ' 

4 

exercise 12 

1 o — x 2 —4x4-3. R=0 ; Q.** 2 3x4-2, R=° ■ 

2 R_ 3. 26 4. Q.= .t«4-3x+9,R 44. 

:lsigfesfsa--- 

9 . Q=2 x 2 -f 6 x 4 - 6 , R - 5x x 

11 . 1,2.3 l&> 1.2 3.4 (c) 1,2,2 

EXERCISE 13 ... 

1. V a 7'i! x (6) 1 2 ,3 i 4 2 45 1,2 8. lf 2 .- 3 .-G 4 1.2.3.-6 
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3±V5 

2 


8. 1,2,3,4 


9. 1,1 


-!±v/3* 

2 


10. (a) 1,1,2,5 (6) -1,-i, 1 -g — 

12. 2,3, —2,—4 13. ±1.2,4 

16. 1,2,3 17. 2,±tv/6 

19. (a) 1,1,2,3 (6) 1,1,-3,3 
(c) - 3, -3. 


11. 3,6, —2 

14. 1,2,3 15. 6,4,—I 

18. 1,2 

20. (a) l,|,£ (b)lh 2 


EXERCISE 14 


1. (a) 2a 3 — 3a6 + C = 0 (b) a 3 C = 6 3 (c) 26 3 —3a6c+c 2 

2. (a) p? — r = 0 (6) 8p 2 +r 2 =pqr 

3. (a) p 3 -\-8r=4pq (b) p*s=r* 4. 2 >\s±r 2 = 4ga 


3 ^ 


a 0 «2 

8. ad*=eb-,- 1,—2,-4,-8 9. 6=0, o*=4c ; 1,1,2,2 

12. > = — 5 and then x= 1,1 ,f ; 7l= — 4 and then x=2,2,fc 

13. c 1 ±o ? d = a6c ; fx 2 + ( x 2 ±ax+— ^ = 0. 


EXERCISE 15 

1. (a) y*+3?/ 3 ±6r/ 2 ±i/± 7 = 0 (6) ^ + 3y 3 -2 2 /±9=0 

(c) 2 / 3 — 2 / — 3 =■ 0 (d) 2y 3 + 6i/ 2 ±y+l = 0. 

2. (a) t/ 3 ±9f/ - 27 = 0. (6) t/ 4 + 4y 3 -32v+ 448 =0. 

3 (a) y 4 — 4?/ 3 ±36i/ 2 — 54 = 0. (6) v/ 3 —9?/ 5 ±64y-27.2” = 0. 

6. 2/ 4 -fay 3 +a 2 6?/ : -t a 2 6?/-f a J, 6 = 0. 

6. 2/ 5 — 50y 3 — 200y 2 —56y + 400 =- 0. 

7. (a) 1, A, 4, J. (6) 1, 4» £ ( c ) *> f* 

8 . 26 3 -rc 2 - 3a6c = 0. 9. 1,2, 2, |. 

10. 2 3, A, 4* 11. a = ±d, 6= ~f c. 

EXERCISE 16 

1 . v 3 - 63// 2 +1 161 y- 5057 = 0 . 

2. y 3 + 55y 2 + 75Cy = 0. 3. A= l, v < +1 ly = 0. 

4 . - 1 ,- 2 , -4, -5. 5. 1,2, 3,4;*, i. i- 

7. 1, 2, 3, 4. 8, 1, 3, 4, 7. 

9. a 0 a 2 — a, 2 =0. 

10. a 3 « 0 a — 3a„a 1 a 2 +2a 1 3 = 0. 
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U. 2/ s + 80i/ 2 +2134i/ = 0. 

12. y*-\- 1 j5j/ 2 + 2756i/ = 0, all the roots are real and positive. 

13. 1, 2, 3. 14. 2 3 —4z — 48 = 0. 

4 12 


15. t/ 3 -}- l5t/ + 38 = 0. 


16. (a) 


l*> 


1 


8 


37 


+ (x — 1 ) 3 * 


8(*+l) 27 (a: -f 2) “ r 2l6(x—1) 

23 13 

+ 6(2:-l) 3 ' 


— 36(x- l) 2 

EXERCISE 17 

1. y 3 -fGx 2 4 - 11!/ + 3 = 0. 2 - 13«/ 3 +9>/ 2 _?/ + 1 =0. 

3. (a) w 4 -1-8w 3 4-46i/ 2 + 35i/ + 9 = 0. 

(6) y 4 -31yM-237t/ a +107t/+2/=0. 

4. «/3+2Gi/* + 3 1 G* + 9H“)» + G» = 0 

(t) — 3G (tt) —3(0 T^n )/(^t • 

5. 7/ 3-f6« 2 — 96t/ —640 = 0 

®: o«*M-18o 4 Hz s + 81a 2 H2*+27*G 2 +4H“)=0 where G, H have 

usual meanings. 

8. *»- 126a* + 3969^-5832 = 0 , Real roots 

9. (0)2. (6) 19. 10- -(o 3 + 8fc»). 

11 «**■+(--3»*«*-«*-o- 

/ + + ^:I^ 3 % + 2;. 1+ 12a. + ,H2ffl=0. 

13. W + ^+9^- 216*= o. til) one real and two complex. 

EXERCISE 18 

1. («)W-3r. («>!»'• (iU) . ! f^) r '- 2 „. 

2. - 3 ; -216. 3.(0 -4r. <«> -OT (« ;l » " tU) 

4. (16-42» + r)M--47*. 5 - (a) ^2 (a. 2 -®**®* ) 

(fc) (a,a 3 —m 0 °4)- 

"0 


5. 
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6. (a) — 16g. ( b) —4 q. (c) 0. 

7. 6. 8. p 3 r—q a . 9. 3r—pq. 10. pr — As. 

1 1. two roots equal. 


EXERCISE 19 

, o n 5 9 311 9739 211 

' * 4 ‘ 81 * 2916 ’ 343 

4. -6. 5. z 3 — 6x 2 -f-1 la; —6 = 0, 276. 

6. x 3 — 6a: 2 -f-ll.e—6 = 0, 98. 


3. -510. 


10 . 


6 * 


13. 0, -a, 


— a ^ iay/3 


EXERCISE 20 


1. 3, 2. -4,2,2. 

3. ^/9+\ 8/ 3, y9tv4-Vw*,&9w 2 +V3w. __ 

4 6, — 12. 5. ^ 20 — ^10, ^ 20 - ^50 R* 2 , &20U' 2 — &S0W 

a 1 "34 iy/3 7 1 2±i v 3 

3 ’ 6 '* 4 * 7 

8. 1,— 2±2i v '3. 9. 5, —7, —7. 

10. $'9 + x 3 /3— 1, 9 »<•+•$'3«- 3 —l. ^/9 3w — 1. 


11 . 1 . 


2-iiv 3 


12 . 2 , 


-2±n/3 


_ _L 17 ± i \/ 3 
13 — 6 ’ * 12 


■14. «= 2 ^[-G+v/ G 2 + 4 /> = 2 |q^—G— v / G*+4H 3 J 

G 2 + 4H 3 = 0 ; .T= “ , 

15 o -12 ± V 31 ,, -1 -1 1 

lt>. —5, - . i . — , r » --7 

' 2*_1 u*.2*-l tf*.2® — 1 


17 . 


2.3* — 2* 2jy 3* — 2* 2 uj 2 .3* — 2* 

-- j —-» -- --, 

2* — 3* 2*—u’.3* 2* —1<? 2 .3* 
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1. 2,— 1 rt » \/ 6 
3. 3,4: i^/ 6 


EXERCISE 21 

2. -4,2^3 

4. 2,-4 ±v /3 



2 sin nr* ~ sin T8 iv/ 3 cos " r$ 


IB 


6. 2 sin -^-2, -2-sin 3 cos ~ 


7. 3 sin 18 > -3 sin y6-i 3 v 7 3 cos -y B 


9. Two roots equal 

10. One real and two complex. , 

It. —1+4^ — 16* — 1+4* co—1G^ 1 -h 4^ to 2 — 16' 

12. (a) (fo-ati) 2 =4(rtc-/> 2 )(6c/-c 2 ). 


... a /> c 

(6) T = -c —3 


(r.) Ifa>0 then 6 is <0, c>0, c/<0. 
(cZ) If «>0 then c, d are all >6. 
13. 2 3 + 67 + + 9c/ 2 z + (4c/*-f-27r 2 ) = 0. 


4cy 3 -| 27 r 2 is Jo according as roots are all real, only 
real two equal. 

If 7 —r = 0 all the roots are equal. 


EXERCISE 22 


1. 

1, 

1, 1,-3 

2. 

-1,-5, 3 ± 2\/ 2 






3. 

± 

1»it 3 

4. 

2, 3,- ^ - 

5. 

1, 

— 2, 1 ± »V ‘Z 

6. 

-1,-1. li«V2 

7. 

1, 

o — 3 + V 17 

2 

3. 

±i, rb /^/ y 

9. 

— 

94- /— l±i 

*±V 1 » 2 * 

10. 

— 1±», l ±v/ 2 


one 
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11. 1. ±2,—3 __ 

<2. (^_ 2i+ - 3 -^)V-2*+±±^L); 

(**-*+ l)(**-3x-t-3) ; [x a —2x-Hv/3“ (*-!)] 

[x 2 — 2 x — i\/ 3 (x— 1 )] 


EXERCISE 23 

10 2 . a 6 c-f 2 /grfc— a/ 2 — & 0 2 —cA 2 

3. a 3 -f&* + c 3 —3afcc. 11. i 

12. (*) negative 13. (o— 6 )( 6 —c)(c—o) 

14. (o+6+c)(a 2 4-^ a +c 2 — ab—bc—ca) 

15. (x-y)(y-z)(z—x) 

16. — 2 (a 4 - 6 +c)(a 2 + 6 a 4 c 2 — db—be—ca) 

EXERCISE 24 

1. —1776 2. 2(3a6c—a 3 — 6 3 — 

3. —500. 4. 0 

5. (o-f b +c)(a 3 + 6 2 -f-c 2 — be—ca—ab). 

6 . — (a — 6)(6 — c)(c- a) 

7. (a —p)(p— y)(y~ a )( s — a )( 8 —P)( s ~Y)« 

8 . (x+y+z)(r-y+z)(x+y— z)(x— y—z). 

9. (ax —(3y-fY 2 ) 8 * 10. (x—a) 3 (x 4 3a) 

11 . {x—y)(y—z){z — x){yz+zx->rxy) 

12 . (a — b)(b — c)(c — a)(d—a)(d— b)(d— c). 

21 . x= 0 .-* 22 . x= —1,-2 

23. x=a+b+c+d, a—b+c—d, ± V(a-c) 2 -f (b—d)*7 
2 i. (*-«)(*-6)(*-e)(*-<?) [l + x _° a + -A 6+ _£- + _^J 

25. a 4 

26. Expansion can be written as 
-(iv/A+mVB + i»v/C ) 8 

27. V(7\ + a 2 +6 2 + c 2 -fd 2 ) 36. x = a,-5a. 

EXERCISE 25 

1. x=l, y=2, 2=3 

2. t- —c) __ (k—c)(k —a) (fc_ 0 )(Jfe-&) 

(a-6)(a—c) * (6—c)(6 — a) ’ * (c-a)(c-6) 
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a(6 —c)* _ 6(c — a) 2 _ _ c(a — 6) z 

3 * X= (a-6)tc-a> ’ y “®(6—c)(o—6) ' ~ ^c —a)i6-c) 

d(d-b)d-c) d(d — c)(d — a) z = d(d-a)(d — b) 

4 ‘ X= a(a -6)(a—c)’ ^ “6(6 —c)v6 - a) ’ c(c—a)(c —6) 

c _ (Tv—/3)(7\—rHTv —S) (A —\)(*-a)(A-a_) 

6 ' * _ ( a -p)(a— Y )(a-S) * ^ Ip— Y>(P — S >(0 “ a ) 

(Tv—a)(7v — /3)C7V — «) , (A-«)(7v- p)( A —Y_) 

2 ~(Y-a)(Y —/TKy-S)* (6-a)(S -£)(S - y) 

2 _ 2 _ 2 

:c — o + c — o’ ^ — c + a —6* Z a + b — c 


7. x=y = z — 1 
9. x=\ y = 2. ~ = 3 

11 . x = y = —3t, z =4t 
13 Not consistent 


0. x — b—c, y — c—a,z = a — b. 
10 . x= y= 1, 2 = — 1 
12. Not consistent. 

14. 7\ = 1 



16. 


»._ O-i ^ht n aP* ) 

(i,m 3 « 4 ) 

7v= a h g 
h b J 

9 f c 


/(ab — h 3 ). 
EXERCISE 26 


2. V(a* + 6* + c 2 + Tv a ) 3 

3. I a 2 + 6 a + </ 2 

ah-t-bh-\-/9 
ag-\-fh+cg 

7. | a* — 2a 
6 2 —26 
c 2 --2c 


ah + bh+Jg 

h*+b*+J* 

gh-i-bf+cf 


«• ±1 


- \-fh+cg 

gh+bf -\-cJ 

g 9 +P+c* 


1 


1 

X X* 

1 

! x 

1 

y y 2 

1 


1 

z z % 


13. 


a 

b 

c 


b 

c 

a 


c 

a 

6 


2 16. 

0 

m 

n 



6i c, 


l 

U 

n 

X 

a. 

b 2 c % 

\ 

l 

m 

0 


«3 

6j c 3 


2 . 

3 

4 

5 . 


Xr*lX — 10 ) 


EXERCISE 27 

x=0, 10 

(a — 6)(6 — C\c — a){a-\-b-\-c) 

(a— 6)v6— c)(c — aj(«6 + 6cH-ca). 
(a—6)(6 -c)(c— «)(«! — «)(^—— 
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11 . (a-f6-4-c-M)(a-6+c— d)[{a— c)*-K&—«0*]. 

12. (a+6+c) 2 (a 2 +6 2 +c 2 - bc-ca—ab) 2 . 

13. (af -be+cd) 2 + l+a 2 -\-b*-\-c 2 +d 2 + e 2 -\-f 2 . 

14 ^2 15. (o — 6)(6—c)(c—o)(a6c-fl). 

revision exercises 

( 1 ) 

1. 2(2'* — 1 l) 2 (»-f2) 2. 12,497,500 


3. 

n{n-\- l)(n+ l) 

6 

„ n(»+l (n+2'(3n-4-l) 

24 

5. 

7l 3 

6. J[3" +1 —3 —2w]* 

7. 


O 7t(7J —1)(»4 3)(7l+4) 

»• - 4 

9. 

I” 6w 2 — 9/t — 5~j. 

10- 353, 568. 

11. 

n 2 (« 4-1 ) 2 (n— 1 )(n —2) 


46 

• 



( 2 ) 



1 7 i 6 

2. 

8 | 9 

3 * (i2 y 

4. 

n=34. r= 14 

5. 53, 758. 

6. 

90 

7. A ,n- 1 

8. 

1727 

9. |_5 . '6 

10. 

l in | m -f 1 

H. 2(9 

| 7/i~H+ 1 

12 

98 

13. 28 

14 

35 

15. 3.999,960. 

16. 

2 • 8 . 




( 3 ) 

4. 

, , 1 lx 55 e 

1-4- — 4- Or 2 

(1 - r= n+s )(l — c 8n+s ) 

n 6 W 2 

(l-c) 2 (l+C) * 

7. 

3-002 

12. (n— 1 )2"-f-1 



A-KSWERS 


13. 

15. 

1 . 

2 . 

3. 


»*■ ^[ 2nt, - (n+2) ] 


n(n+l)2."'* 

( 2 + 3 > 5 - ( 4 } 

0 *—4a 2 6+4ac-|-26 2 — 4d, 6 2 — 2 “ c + 2d * j 3 _o — 3c 

^ 4 . 3 ^ 4 -(6 3 +3c»—36d)y 2 + (c — 36cd)y-<* 

^6=0 ; 98. 

n(n+l)(n-lj(3»±2) (ft) ».(»+I)^ l >( «-2>. 
{*) 24 


5. 

7. 


± ’ 2 ’ 2 *- 4 
50 

~ 2 ’ 27" * 

2(bd— c*) 


48 

6 . ±2i-3±V29 


»' Jfc=Z3) ° r 2i^=^ 2 ) 


(be- ad) g _i j2f — 


2 ’ 


256_ (a *i —3H 2 ) 

a 4 


11. 1,2, 3.4. 

ffi-y=-^ +bc+ca \r£w' 

1:1:3 «• i86 - 

-\±w 11 
2 


10 . 

13. 

14. 
16. 


19. ±2i. 


n 1 ±v* 

20. fc = 2 ; x =2. —g * 


21 . 

22 . 

23. 

25. 

27. 

29. 


0, - a,-®- (— 1 ±»V 3 )* 


30. 

82. 

S3. 


18 26. 8*/ 3 — 12i/ 2 + 2t/4-5 — 0 

? r r 2 +( rr 4d Vt 0 w *.». - 

5 ) -Ifl+a). -(«+«»*). -(» 2 +“«’) 

3g —6ps4-4« 3 

1.1. f 31. 2« 2 -p,- 3 

t/»— 3y*— y+ 19 = 0 
69 4 


(«) 


32 


(*>) 
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84. 

35. 

36. 


(ay— 3c) 3 +3c(oi/-3c) 2 +36d(at/—3 c)+<mZ 2 = 0 
j / 3 + 4 7y 2 + 5 (7 *t/+r 2 +2g 3 = 0 

(») -g 3 (”) - 9 r - 

(5) 

a h q I 2. The cofactors of I a h g 

16/1 =0 I hb f 

9 f c 


ab ab 0 
0 ab 0 

0 0a 


a 3 6 2 


vanish 
8 . — 


a h g 

h b f 
9 J c 


14. 

17. 

( 22 . 

r 23 . 


1 2a 

a 2 


1 1 X 

X 2 


1 26 

6 * 

X 

i y 

y 2 

• 

> 

1 2c 

c 2 


1 1 X 

Z 2 


2 (x- 

- y ) 

(y- 

-2) ( Z - 

-x) (a 

-b) (6-c) (c- 

— 15 


15. 

1 

16. 

(a—l) s (a+3) 


— 2 (a 3 + 6 3 -fc 3 — 3 a 6 c) 

(a) (x—a ) 3 (x-f3a) 

(t) —360 (ii) 0 


( 6 ) (x-a ) 2 (x+ 2 a) 

(Hi) 5,070,000 


JAMMU AND KASHMIR UNIVERSITY 

PAPERS 


2 . (a) 


(1963) 

1. (a) 10.00999 (b) { (-*)» 

. , , i»(» + ll( 2 n + l) /i(n+ 2 ) (^ a -J-2n4-3) 

2 . (a) --- g- (b) - 2 - 

3. (b) (a- l) 3 (a + 3) 4. (b) 8 |_9 

5. (a) 3 pq—p 3 —3r ( 6 ) y* + 13i/ s -f 60t/ 2 -f 116y-f80 *0 

6 . (b) */A - ^16-1. 

(1964) 

1. (a) ; 101,025 (b) 1003 

2. (b) (i) 286 (ii) 78 ; the sum of these two is the total 

number of selections ».e. 14 C n 


1 - (a) 


l- 
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-3. (a) 1,2, —3 (6) 33. 

-4. (5) Ipr+W -ZP** 

pq-r 

5. (6) 2/ 3 + 92/ a -f-39t/-f-71 = 0 

(1965) 

»(»4-1) (2n-f 1) 


t. («) 

"2. (a) 717500 

-3- (*) (i) 28 7>3 


10660 


(6) 4-99 


(ft) ,7 c 

( ii ) 1950 


1 

7 X 2 10 . 3 7 


4 (a) (fe-ft)(fe-c) (k-c)(k-a) 

' ' (a —6)(a—c)’ ^ (6 —c)(6~«)’ 

(A; — a)(fc — 6) 

2 — -7-— . (O) — 6. 

(c— a)(c —5) 

5. (a) y 3 — 9y 2 — 6y— 1 =0. (6) -5, 5± ^ 3 * . 


1. (ft) 


( 1965 Supplementary ) 

n'.n— l)(n4- l)(n+2) 


2 . (a) 3^ 1 + ^-— " 9 ?+.tooo] 


(ft) 41. 


1 9 


(ft) 7 -^ I 336. 4. (a) i3iv/3. (ft) y s + ?!/-z =0 

~ v3= _ L_*v / 3 


•5. (ft) Here - ~ +-^- 


so that « = (—-£- + = l C ° S 

By D’moirre’s Theorem one value of 


2 2 
2 7T 


. . 2n 

+ * sin-g- 


. 0 0 
(cos0-|-* sin0 ) » is cos-M sin 


where » is an 


n 


n 


integer. 
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, 2tt , . . 2lr 

u has one value=cos sin -g- 


Similarly one value of 


2t7 


v=cos g-* sin 


2 tt 

9 * 


So x=u+v gives 2 cos as one root. 


2tt_ 

9 


The other two roots are wu+w*v, w*v- f u»tf. 
or other two roots are 

-l + x/3*\ . / — 1 — V3 * 


(■ 


>+( 


and 


( 


2 r • V 2 

-1-V3 * \ . / -l + v/3» 


-) 


)*+( 


> 




1 


( «+« ) 


%/3 *, 

- 2 -<« 


—rC 


2 cos 


2 tt 


-K 2 


9 

2n 


)+ 


V3 » 


( 2 i sin | ), 

2 tt 


cos 


)- 4 i ( 


2 » sin 


)• 


2 77 _. a . 2w 

— — cos -g- +V3 * 2 sin g- 


cos 


2 tt 


2 tt 


— cos \/3 i* sin -g-* 


2v 


= — cos?^— V3 sin —cos -g~ + v'3 sin -g- 


2ir . 2 tc 

= — cos — ± V 3 sin 


9 * 

277 


_ _ 2tt 2 77 . 2n- 

So x=2 cos — , — cos -jr- ± V 3 Sin 

'-■ny -> ... y y 


T 


—: o :— 


12 .* $ 


t >-. / / 




A 



